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Dear children,

\’ CL ‘v Vq Mathematics starts as the study of

measurements and the relations between

measurements. The conceptual level of

mathematics develops when measurements are

% /‘f seen as pure numbers and physical objects as ‘\
Q’ P N geometrical entities. Number relation evolves \‘
'S \ Y into algebraic equations. To interpret new

situations mathematically, new numbers and
novel techniques are needed. Cause and effect
relations between facts develop into logical
connections of ideas. Thus Mathematics grows.
Welcome to the next step!

With love and regards

Dr. P. A. Fathima
Director, SCERT
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We have to draw a rectangle of area
12 square centimetres. How?

It can be like this:

Or like this:

And there are so many other ways, right?

cm

12 cm

Suppose we also want one side to be 8 centimetres long. There is only one

such rectangle, isn’t it?

1.5 cm




Mathematics IX

What if we want a triangle of area 12 square centimetres?

Again it can be done in many ways:

4 cm
And if we want one side to be 8 centimetres?

Then also there are several:

s \

Draw a line 8 centimetres long and

mark a point at a height 3 above it (we
can use Grid for this). Draw a line
through this point, parallel to the first.
Mark a point on this line and draw a
triangle with this point and the end points
of the first line as vertices. Use Area to
mark its area. Shift the top vertex along In all these the uppersides are different. Since the base and

th llel line. D h . .
© parafietHine. Lo you see ally Chalge 1 the height are the same, so is the area.

in area?
\_

>
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The top vertices of all these triangles lie 3 centimetres from the base. In other
words, they are all on the line parallel to the base, at a distance 3 centimetres
fromit.

The top vertex of all triangles with this base and area must lie on this line. On
the other hand, if we join any point on this line with the end points of the
bottom line, we get a triangle of this base and area.

This is true whatever be the base and area, right?

All triangles with the same base and area have their third ver-
tices on a line parallel to the base; conversely, all triangles
with the same base and the third vertex on a line parallel to
the base, have the same area.

Let’s see some ways of putting this to use.
Draw a triangle of sides 4 centimetres, 5 centimetres

and 6 centimetres.

Now can we draw an isosceles triangle with the
same base and area?

Since we don’t want to change the base, the only

question is where to mark the top vertex. To have

the same area, it must be on the line through the top vertex of the triangle we
have drawn and parallel to the base.

And we have seen in Class 8 that, the top vertex of any isosceles triangle is on
the perpendicular bisector of the base.

<>
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Mathematics IX

m So the third vertex we seek is the point
where the perpendicular bisector of the base
of the drawn triangle and the line through its
top vertex parallel to the base intersect.

Now we can draw the required triangle:

6 cm 6 cm

Again can you draw another triangle of the same base and area with the left
side 7 centimetres?

\

All we need to do is to draw an arc of
radius 7 centimetres, centred at the left
vertex and intersecting the parallel line
on top, right?

Thus we get a triangle like this:

6 cm 6 cm

Can we draw an isosceles triangle of the same area with base 5 centimetres?

>
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We can redraw our first picture with the 5 centimetre side at the bottom and
proceed as before.

If we don’t mind a tilted triangle, then we can do this using the first drawn
triangle itself, by drawing a line through the left vertex parallel to the right side.

J
%

Draw a triangle of sides 3, 4 and 6 centimetres. Draw three different
right triangles of the same area.

(2) Draw the triangle shown below in your notebook:

C

A 7 cm B

Draw triangles ABP, BCQ and CAR of the same area with measure-
ments given below:

)  ZBAP=90°

i) ZBCQO=60°

i) ZLACR=30°
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(3) Draw acircle and a triangle with one vertex at the centre of the circle
and the other two on the circle. Draw another triangle of the same area
with all three vertices on the circle.

(4) How many different (non - congruent) triangles can you draw with two
sides 8 and 6 centimetres and area 12 square centimetres? What if the
area is to be 24 square centimetres?

In the picture below, the lines parallel to each side of the blue triangle
through the opposite vertex are drawn to make the big triangle.

How many triangles in the picture have the same area as that of the blue
triangle?

Prove that the two triangles shown below have the same area:

4 cm 4 cm

How many different triangles of the same area can be drawn without
changing the lengths of two sides?

Quadrilateral and triangle

How do we calculate the area of an ordinary
quadrilateral without any special properties?




Draw a diagonal to divide it into two triangles and
compute the area of each, right?

There is another way. Suppose we can bring down the top right vertex
of the green triangle to the base of the quadrilateral without altering the area:

Then the area of the quadrilateral would be the sum of the yellow and blue
triangles. And these two triangles together form a big triangle. Thus we can
convert the area of the quadrilateral to the area of a single triangle.

Now we see how this wish can be realised. To shift a vertex of the green
triangle without altering base and area, we need only draw a line through this
vertex, parallel to the opposite side:
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However much we slide the top right vertex
of the green triangle along this line, its area
won’t change; so the area of the new quad-
rilateral thus got also does not change.

What if we slide the vertex all the way down to the

point where the parallel line meets the base of the

Cutting and
rearranging

If we cut a paper figure and We get a triangle of the same area as the quadrilateral,
rearrange the pieces to another right?

quadrilateral extended?

shape, the area is not altered.

A geometric method of changing a
figure into another may not always
give a method to cut and rearrange. For
example, the method of drawing
a triangle of the same area as that
of a quadrilateral cannot be used to

cut a paper quadrilateral and
rearrange the pieces to form a triangle.
Several websites which give such
dissection methods are given in the
webpage look at this pentagon:
www.cs.purdue.edu/homes/

enf/book/webdiss.htm m

By joining two alternate vertices we can split it into a

Repeating this trick again and again we can make a
triangle of the same area as any polygon. For example,

quadrilateral and a triangle:

Draw a quadrilateral, a
pentagon and a hexagon in
GeoGebra and draw triangles
of the same areas.
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Now sliding down the top right corner of the green triangle parallel to the
opposite side to the base of the pentagon; we get a quadrilateral of the same

N A

Sliding down the top left vertex of the quadrilateral also like this, we get a

arca:

triangle of the same area:

A A A

(1) Draw the two quadrilaterals shown below, in your note book. Draw
triangles of the same area and calculate the areas (The lengths needed
may be measured).

A

5 cm 8.5 cm

Draw arhombus of sides 6 centimetres and one angle 60°; then draw
aright triangle of the same area.

Draw a regular pentagon and then a triangle of the same area. Calculate
the area.
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(4) The picture shows a rectangle divided into
two parts.

Instead of the broken line separating these
parts, draw a straight line to divide the rect-
angle into two other parts of the same area.

Calculate the areas of these parts.

Triangle division

See these pictures:

et 6 cm 3 cm 3 cm
The line joining one vertex of the triangle to the midpoint of the opposite side
divides it into two triangles.

What are the areas of these parts?

Both have bases of 3 centimetres.

And the heights? It’s 4 centimetres for both.
So they have the same area, 6 centimetres.

Now suppose the top vertex is joined to some other point of the bottom side.

For example, see this picture:
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Now the smaller triangle is of area 4 square centimetres and the larger one is

ofarea 8 square centimetres.

Thus the area of the larger triangle is twice the area of the smaller triangle.
The bottom side is also divided in the same manner, right? The longer part is
twice the shorter part.

We can put it in terms of ratios.

The bottom side is divided in the ratio 1 : 2; and the area of'the triangle is also

divided in the same ratio.

Is this true for other ways in which the line from the top vertex divides the

bottom side?
What ifthisratiois 2 : 3?

The lengths would be as below:

. 2 .
Length of the shorter side 6 X § centimetres

. 3 .
Length of the longer side 6 x 5 centimetres

And the areas?

2 2 .
Area of the smaller part 6 X 5 X 2=12x 3 square centimetres

3 3 .
Areaofthe largerpart 6 X ¢ X 2=12X  square centimetres

Thus the line from the top divides the area of the whole triangle in the ratio
2:3.

We can see in this way that whatever the ratio of lengths, the same is the ratio
of areas. Even when we change the dimensions of the triangle, this fact does

not change.

A line from the vertex of a triangle divides the length of the

opposite side and the area of the triangle in the same ratio.

We saw that the bisector of a side of a triangle, through the opposite
vertex bisects the triangle also. So a natural question is, in what ratio does the
< >
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bisector of an angle at one vertex divide the opposite side (and hence the
triangle)?

The picture shows the angle bisector
of'the top vertex of the triangle.

We have to compute the ratio in which

itdivides the opposite side.

Here we know the lengths of one side
of both the triangular parts. So let’s
compute the area also in terms of these.
For that, we draw the perpendiculars
from the opposite vertex. It is the same

point for both triangles.

Don’t these perpendiculars seem to have the same length?

Let’s check. The upper right triangles on either side in the picture have the
same hypotenuse. Since it is the angle bisector of the top angle of the large
triangle, the top angle of these smaller triangles are equal. Since these triangles
are right, the angle at the other end of the hypotenuse is also equal. So the
perpendicular sides of these triangles are also equal. Thus the perpendiculars

we have drawn are of the same length.

So, the areas of these triangles are 4 and 5 multiplied by half this length. That

is, they are in the ratio 4 : 5.

As seen earlier, the angle bisector divides the opposite side also in the same

ratio.
And this is true whatever be the lengths of the sides of the triangle.

In any triangle, the bisector of an angle divides the opposite

side in the ratio of the sides of the angle.




T\
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This can be put in another way:

In the picture, the point marked on the

bottom side divides that side in the ratio
of'the other two sides. As seen just now,
the bisector of the top angle passes
through this point. That is, the line joining
the top vertex and this point is the bisector

of the top angle.

(1) In the picture below, two lines are drawn from the top vertex of a

triangle to the bottom side:

A

Prove that the ratio in which these lines divide the length of the bottom
side is equal to the ratio of the area of the three smaller triangles in the
picture.

In the picture below, the top vertex of a triangle is joined to the mid
point of the bottom side of the triangle and then the mid point of this
line is joined to the other two vertices.

A A

Prove that the areas of all four triangles obtained thus are equal to a
fourth of the area of the whole triangle.

<>
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m (3) In the picture below, the top vertex of a triangle is joined to the
mid point of the opposite side and then the point dividing this line in the
ratio 2 : 1 is joined to the other two vertices:

Prove that the areas of all three triangles in the picture on the right are
equal to a third of the area of the whole triangle.

Prove that the lengths of the perpendiculars from any point on the bi-
sector of an angle to the sides are equal.

In this picture the horizontal lines
at the top and bottom are paral-
lel. Prove that the yellow and red
triangles are of the same area.

In the picture below, the side AC of the triangle 4BC is extended to D,
by adding the length of the side CB. Then the line through C parallel to
DB is drawn to meet AB at E.

D

B

0) Prove that CE bisects £C.
< >

20
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Describe how this can be used to divide an 8 centimetres long
line in the ratio 4 : 5.

i)  Can we use it to divide an 8 centimetres long line in the ratio
3:4? How?

The picture below shows a trapezium divided into four parts by the

diagonals.

The area of the blue triangle is 4 square centimetres and the area of the
green triangle is 9 square centimetres. What is the total area of the
trapezium?
Draw a square of sides 5 centimetres. Draw an isosceles triangle of the
same area.

Prove that the two triangles below have the same area:
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Looking back
P

Learning outcomes

With
teacher's
help

Must
improve

Explaining the methods of drawing triangles
ofthe same area as a given triangle.

Justifying the methods to transform a polygon
into other polygons of the same area.

Converting polygons into triangles and
computing the areas.

Finding out methods to divide the area of a
triangle in a specified ratio.

Solving geometric problems related to areas.




Equal fractions

We have seen that a single fraction has many forms. For, example,

2_3_
46

1
2

, ... are all different forms of % . We can also say that all these

NG
| W

Here,

9

. 1
fractions are equal to 5

Similarly, we have

3_6_9 _

5 10 15

6 9 . 3 ) 3
So that 10> 150 -are all different forms of 5sor fractions equal to 5

When we multiply the numerator and denominator of a fraction by the same

natural number, we get different forms of'it; that is, fractions equal to it.
We can put this in algebra:

a

For any fraction »

and any natural number n,

an a

bn b
Now let’s look at some patterns. For example,
1> +1 27+ 2 3’ +3

2

1+ 1 2+1 3+1_3
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. . . 13824138
m Is this true for all natural numbers? For instance, is Til equal to 138

itself?
We can compute the square, add and divide to check it. But that is not very
interesting and we won’t know why it happens either.
Instead, let’s rewrite the numerator:
138° + 138 =138 (138 + 1)

Now taking the denominator also, we get

1387 +138 138(138+1)

138 + 1 el 138

This we can do to any fraction of this kind, right?
Let’s write it using algebra:

n2+n_n(n+1)_

n+1 n+1

Explain each of the patterns below and write the general principle in algebra.

22+ 2 1 32 + 3 4%+ 4 1
(1) = =1= =2 =2-
2+ 2 2 3+ 3 4+4 2

32_3 52_5
@) 301 510

27 -1 371 5 -1
3) i =3 =4 = =

3-1 5-1 6

Cross multiplication

It we multiply the numerator and denominator of a fraction by the same natu-

ral number, we get another form of'it. But two forms of the same fraction may

not have such a relation.

For example, we have % = % . Butwe can’t get 3 and 6 by multiplying 2 and

4 by the same natural number.
So how do we check whether two fractions are equal?

One way is to remove the common factors in the numerator and denominator

and reduce to the lowest terms.




Fractions

42 70
For example, take o and 05

42 2x3x7_2

63 3x3x7 3

70 _2x5x7 _2
105 3x5x7 3
70
105

2
are two forms of 3

42
Thus we see that o and

It is not easy to factorise large numbers (even if we use a computer). So we

use another method to check equality of the fractions. For example, take

[CHNE:}
221 an 247 °

They can be put in forms with the same denominator (Remember how we did

this to add two fractions in Class 5?)

119 _ 119x 247
221 221x 247

133 _ 133x221
247 247 x 221

The denominator of these new forms are the same. So to check their equality,

we need only see whether the numerators are also equal.
We can do this quickly using a calculator.

119 x 247 = 29393

133 x 221 =29393

Since the numerators and denominators are equal, so are the fractions.

ny _ 133
221 247
a

r
) and ; are

We can write all this in algebra. To check whether the fractions

equal, we first put them in forms with the same denominator.

p_bp
q bq

Now to check equality, we need only see if the numerators aq and bp are

equal.
>

25
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Mathematics IX

On the other hand, suppose that for some natural numbers a, b, p, g, we
have aq and bp equal.

. a b . .
Then the fractions i and ﬁ have both their numerators and denominators

equal, so that

aq _ bp

bg ~ bq
Now removing the common factors of numerator and denominator of each,
we get

For natural numbers a, b, p, q if %—f , then aq = bp;

conversely, if ag = bp , then %:f

This method of converting equality of fractions to equality of products of
natural numbers is often called cross multiplication.

a 14
b o<
From two forms of a fraction, we can make many, more forms. For example,

2 . 1 .
718 another form of 5 - See what we get by adding the numerators and

denominators:

.. 1. .
This is another form of 5,1sn tit?

L L L L | lIIIIIIII Illllllll lllllllll IIIIIIIII IIIIIIIII IIII|IIII IIIIIIIII Illllllll IIIIIIIII IIIIIIIII lllllllll IllIIIIII

| 3
Now let’s do this with 5 and i

1+3 4

2+6 8
1. .

It’s another form of > 1sn’tit?

) 3
We can do this with " and 5 also.




Fractions

Why does this happen?
To understand the inner workings of number relations, we need algebra.
Let’s start with

a_pr
b g

a+p .
We want to know why PR also equal to these.

a

P
p and g are equal, we have

Since

aq = bp

tp

. . a
Now if the fractions 7~/

and % are to be equal, the products (a + p)b and

(b+ q) amust be equal, by cross multiplication. Let’s look at each:
(a+p)b=ab+pb
(b+q)a=ba+qa
ab and ba are the same. So the final form of each product contains ab. What
remains in the first product is pb; and in the second product, ga. In these, pb
is the same as bp, and ga the same as aq; and we have noted earlier that
these are equal. So, the products are equal, right?

From a pair of equal fractions, we can make another pair. For example we
have

5_10

2 4

We make new fractions using the sums and differences of the numerator and
denominator, like this:

e - -
An innocent question

Little brother in Class 6 asks:
“Teacher says % and % are equal.
But taking 1 candy from 2, and
2 candies from 4 aren’t the same.

I get only one candy in the first.”

What’s your answer?

COLLE LR L L L IIIIIIIII IIlIIIlII IIIIIIIII llIIlIIII IIIIIIIII IIII|IIII lIIIIIIII IIIIIIIII IIIIIIIII IIIIIIIII lllllllll IIIIIIIII
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m As before, we find

Starting with any pair of equal fractions and using the sums and differences of

16+8 _24_,
16-8 8

the numerator and denominator like this, can we get another pair of equal

fractions?
.. . .aa )4 a+b
Translated to algebra, the question is this: if > and 4 are equal,are ,—, and

P+q
— ?
Py equal?

p+qam
pP—q

b
Taking% = 5 , we get aq = bp. Now to check whether Z—J_rb and

equal using cross multiplication, we need only see whether the products
(a+b)(p—q)and (a—b)(p+ q) are equal.
(a+b)(p—q)=ap—aq+bp-bq

If we use aq = bp in the expression on the right side of this equation, it is
reduced to ap — bq . Thus

(atb)(p—q)=ap—bq
Similarly,
(a=b)(p+q)=ap+aq—bp-bq
and the right side of this can be reduced to ap — bq, so that
(a=b)(ptq)=ap—bq

Thus both the numbers (a+ b) (p —g) and (a —b) (p + q) are reduced to the
same number ap — bq. So,

a+b p+q
a-b ~ p-gq

(1) Look at this method of making a pair of equal fractions from another
such pair:




A

Fractions

Check some more pairs of equal fractions. By interchanging the
numerator of one with the denominator of the other, do you get
equal fractions?

i)  Write this as a general principle using algebra and explain it.
Look at these calculations:

BxD+(4x2) 11 1
(Gx2)+(@x4) 22 2

Take some more fractions equal to % and form fractions by
multiplying the numerators and denominators by 3 and 4 and add-

ing. Do you get fractions equal to % ?
Take some other pairs of equal fractions and check this.

In all these, instead of multiplying numerators and denominators by
3 and 4, multiply by some other numbers and add. Do you still get
equal fractions?

Explain why, if the fraction g is equal to the fraction % , then for

ma + n,

any pair of natural numbers m and n, the fractions is equal

mb + nq

a
to b

The sum of the square of a number and one, divided by the difference of

.21 .
1 from the square gives e What is the number?

The sum of a number and its square is one and a half times their differ-

ence. What is the number?
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m Large and Small

Which is larger, + or 3?
How did you decide % is larger?

3.
< 1S

2 is made up of 2 one fifths; we need 3 such parts to make % So, S

5
larger.

We can write this in short like this:

In general, of two fractions with the same denominator, the one with the larger
numerator is the larger number. We can put it like this: in a fraction, if we
increase the numerator alone, the fraction becomes larger. For example,
2
< =< <
5
On the other hand, what if we increase the denominator alone?

3 3
For example, Let’s take  and <.

Each of 4 equal parts is larger than each of 5 equal parts:

So 3 of the first parts is larger than 3 of the second parts.

-—
-
=
-
=
-
-
-
-
-
=
—
-
-
-
-
-
-
=
-
-
-
-
-
=
-
=
-
-
=

Thatis, - <
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In general, of two fractions with the same numerator, the one with the smaller
denominator is the larger number. We can put it like this: In a fractions, if we
decrease the denominator alone, the fraction becomes larger. For example,

5
<=-< =<
7

L 3 3
So, which is larger , Jorg ?

. 3.3 : . 3. 4
As seen now, by changing - to 5, wegeta larger fraction; changing st
gives a still larger fraction. That s,
3
— < <
7
.. . 5 4
Similarly, taking o and g we find
< <

In general, by increasing the numerator and decreasing the denominator of a
fraction, we get a larger fraction.

For example,

1
10

<

Now look at% and % Which is larger?

None of the methods seen so far help us here. (Why?)

Let’s look at forms of these with the same denominators:

. : . 3
Of'these, the one with the larger numerator is the larger fraction. So, ¢ <

Reverting to the original forms, we have — <

Similarly, to find the larger of %and % , we first put them in forms with the

same denominator:

Fractions

COLLE LR L L L IlIIIIIIl IIIIIIIII IIIIIIIII IlIllIIII IIIIIIIII IIII|IIII lIIIIIIII IIIIIIIII IIIIIIIII IIIIIIIII Illllllll IllIIIIII




71\

Mathematics IX

3_2 3.2
4 28 7 28

We can see % < % , by looking at just the numerators of these forms. Let’s

write this method as a general principle, using algebra: To find the larger of %

and 5 , we first put them in forms with the same denominator:

So, if % <§ then we have aq < bp.

Conversely, suppose that for some natural numbers a, b, p, ¢ , we have
a

b,
1, ﬁ , the first has the smaller numera-

aq < bp. This means of the fractions by

. . . . ag bp
tor. Since their denominators are the same, this means that by < b Remov-

. : . a_p
ing the common factors in the numerator and denominator, we get. < rE

For natural numbers a, b, p, q , if £<§ , then aq < bp;

b

conversely, if aq < bp, then %<§

Thus we can use cross multiplication to compare two fractions also.

Now let’s look at some problems.

2. . 3
In > ifwe add 1 to both the numerator and the denominator, we get 7 of

3.
these, 718 the larger.

. . 5 . .
Taking another fraction, say 5 and adding 1 to the numerator and denomina-
6 3 . 5 3.
tor,weget 1, =5.To check which among g.and Sls larger, we need only

lookat 5 x5and 3 x9. So <

Is this true for all fractions?




Fractions
4 . . .5
Take 3 - Increasing the numerator and denominator by 1 gives ~ ;

Since 3><5<4><4,weget%<g.

Here things are reversed. What is the difference between % and the fractions
taken before?

So, what do we guess to happen in general?

We can use algebra to check whether our guess is right.

Suppose that g, b are natural numbers with a < b. We want to check whether

1
% < Z—Il . For that, we must look at the products a (b+ 1)and b (a + 1);

ab+1) = ab+a
b(a+1) = ba+b

In these, we have ba = ab. So, what we have to find out is which of ab + a,

and ab + b is the larger.

b is the larger of a and b. So, what we get by adding the number b to the

number ab is larger than what we get by adding a. Thatis ab+a<ab+b;
that is

a+1

a(b+1)<b(a+1). This gives %< bl

Now start with b <a and see what you get?

. a+1 a
’ - - =9
Didn’tyou get 1<

Another problem: we have seen that starting with two equal fractions, we can
get another by adding numerators and denominators. What if do this in a pair

of unequal fractions?

1 3 .
For example, we know that 5 < -Let’s add numerator and denominator:

1+3

2+
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m Thus
<<

Is this true for all such pairs? Check some more pairs.

Now to see whether this is true in general, we use algebra.

Let’s start with —~ <= . Then agq < bp. Now to find the larger of % and

a+p

b +q > Ve must look at the products a (b +g) and b (a + p).

ab+q)=ab+aq
b(a+p)=ab+bp

Since ag < bp, we have ab + aq < ab + bp, so that a (b + q) < b(a + p)

tp

andso, + <L Similarly we get Z+ p < 5 (Try it!).

> b b+g

What is the relation between the general principles got from this
problem and the one got from the first problem?

. . 12 3 .. : :
Using this idea, we found 5 <3 <7 Using this again between these frac-

. 1 2 3 .
tions, we can see that 5<5<3<7<7% And we can continue as much as
we like.
(1)  Findthe larger of each pair of fractions below, without multiplication:

131 I 4
17" 15 L AT i) 53

Find the larger of each pair of fractions below, without pen and paper:

] Do e g o
'13 C T 102° 99

Find three fractions larger than % and smaller than % .
Find three such fractions, all with the denominator 24.

Find three such fractions, all with the numerator 4.

<>
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Fractions

From a fraction, a new fraction is formed by adding the same natural
number to both the numerator and the denominator.

0) In what kind of fractions does this give a larger fraction?

i)  Inwhatkind of fractions does this give a smaller fraction?

Operations with fractions
What is the sum of % and %‘?

1 .
We first convert them to s, right?

r_3.
2 6

1
+_
3

2 3
How aboutg = ?

15 29
+ ===
35 35
We can write in algebra, the general method of adding frac-

. . a
tions. Let’s take the fractions as  and 5 . We first put them
in forms with the same denominator:

a_a p_bp

b bg q bq

Then we just add the numerators:

b + b
P _aa bp_ag+bp

a
b q bg bg bq
4

For any two fractions b

and £ ,
q

aq + bp
bq

+ 2
q

For example,

§+g_(3><7)+(4><2)_§_ 1

1—
4 17 4 x7 28 28

The difference of two fractions can also be put in this form:

>

35

e N
Application and theory

The addition of fractions, written in

algebra is

+b
a P _ aqtbp

b g bq
This operation is not very easy. Why is
it like this?
General principles about numbers
originate from the contexts in which
they are used. (Not the other way
round). For example, what is the total

length of a % metre string and % metre

string joined end to end?

% metre is three % metres put together.
And % metre? Two % metres put

together: .

2 3

1

11 11
6 6 6 6 6

Joining them, we get five % metres;

that is % metres.

1 1.3 2 5
50,7t3676" 6 -

It is from such contexts that general
definitions of additions which hold for

all sums arise.

.
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3 ap .. p_a
=, = —_— < —_—
For any fractions b q with PR
a_p_a-b
b ¢ bq
For example,

:(3><7)—(4><2):£

_2
7 4x7 28

3
4
These operations are particularly simple for fractions with numerator 1:

(Ixb)+(Ixa) b+a
T ab

and similarly

111149 _20

Forexample, 5 * 17 = 9577 = 99

1 _11-9 2

1
9 11 9xIl 99
Let’s look at some problems: We can easily see that

1
-1

1 1 1 _ !
2 2 2 T 2x3° 3

1
4 3x4

So, we get,

AR O (S NIy
1x2 2x3 3x4 2 2 3 3 4

™ What do we get on adding

Another question

1 1 1 1

An exam paper has two parts, 4 and -
s & Ix2 2x3 3x4 andsoon,upto 557507

B. In part 4, there are 2 questions and

in part B, 3 questions. A person wrote Now form the first pattern, we also get

answers for only one question from

each part. Is it correct to say that he

did % =+ % = % of the exam?

In other words, we can split any fraction of numerator 1 as the sum of two
such fractions. (Fractions of numerator 1 are usually called unit fractions).

<>
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How do we write a fraction of numerator 2 as the sum of three unit
fractions?

Now let’s look at multiplication and division of fractions. The product of two
fractions is got by multiplying the numerators and denominators separately,
right? For example,

In general , we can put it like this

a
For any fractions 5 and 5,

Gl _D
b q bq
We have also seen that dividing a fraction by another means, multiplication of

the first by the reciprocal of the other.

For example,

a

. p
For any fractions . and PE

Now some problems.

We have
1

L1
2 2
Let’s take another pair of fractions with sum 1 and check this:

=1 2+2=4 2x2=4

1 2
— 4+ — =
33
One more:

+

Is it true that for any pair of fractions with sum 1, the sum and product of the
reciprocals are equal?

Let’s use algebra to check. Let’s start with % + 5 =1,

>
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This gives
aq + bp
bq

=1

Ifa fraction equals 1, then its numerator and denominator must be equal. So,
aq + bp = bg
Now let’s compute the sum of the reciprocals:

_bp + aq

bLoa_
a p ap

b
Since, aq + bp = bq , the fraction on the right of this equation becomes ﬁ .

Thus we get,

b,oa_b

a p
What about the product of the reciprocals?

bya _ba

a p ap
So, we have

boa
a p
Find the general principle of each of the patterns below and explain it using

algebra.
. 1
13 4

2.

Al WA N|w
|
bk Al W

N
N | =
|
—_
0| =




Fractions
Decimal forms

A fraction of denominator a power of 10 such as 100, 1000 and so on, can
be written in shortened form as a decimal.

For example,

Some fractions whose denominators are not powers of 10 can also be con-
verted to such a form. For example,

1 05
2
1 2
5

25

= 0.75

L1 .
Let’s look at some more examples. How do we write ¢ in the decimal form?

We have 8 =2°; also we can write
10°=(2x5)P3=2¥x53

That s,
1000 =8 x 125

Form this we get,
Similarly,

What about % ?

First we factorise the denominator:
160=32%x5=2°x5=2*x2%x5=2*%x10

What power of 10 can we get from this by multiplication?

And what number do we multiply it with?

24x 54=10% right?
>

39

=
-
-
=
-
=
-
-
-
=
-
—_—
=
-
-
-
-
=
-
-
-
-
-
=
-
r—
—
-
-
-
-
-
-
-
-
=
-
=
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So,
m 160 x 5*= (24 x 10) x 5* =24 x 5* x 10 = 10° = 100000
And using this, we get
3 _ 3x5 _3x625 _ 1875
160 160 x 5* 100000 100000
Can we write all fractions in decimal form like this?

= 0.01875

1
How about 3 ?

Can we get a power of 10 by multiplying 3 by any number?
Putting this in different words, is 3 a factor of any power of 10?

The only prime factors of 10 are 2 and 5 and so these are the only prime
factors of any power of 10.

) .1
So, 3 is not a factor of any power of 10; and because of this, 3 does not have

a form with denominator a power of 10. However, we can do another thing:
we can produce a lot of fractions with denominators powers of 10, getting

1 . N .
closer and closer to 3 For this, we first write 3 like this:

r

: . .10 1 .
Decimal length In this, we can write — as 3+ <. So we can write the equa-

1 .
How do we write ¢ metres without | tjon above like this:

using fractions, in terms of a smaller 1_1 (3+ l) - 3 + 1
unit? Fist we write it in decimetre 310 3 1030

.3 . . . :
The fraction Toon the right of this equation has denominator

o 1.
5 10 and its difference from 38,
that is 13 decimetres. How about 1 3 1

1 . 10 5
({p metre) % metres is - decimetres;

3710 30
Again we can get a fraction of denominator 100 still closer to

changing this % decimetres to

. .2 .
centimetres? It is ?0 centimetres; that 1 ) 1. )
3 For that we should write 3 like this:

L
8

centimetres into millimetres, it becomes

e 1 .
O 5 millimetres. Thus < metre is 1 100

8 8 And if we write 3
decimetre, 2 centimetres and 5

is 27 centimetres. Changing%

. . 1
on the right side as 33 + 3 we get

&nillimenes. That is 123 millimetres. )




1 1( 1) 33 1
S= 33| —
3100 3) 100 300

And rewriting this, we find

1 33 1

3100 300
| I Continuing like this, we get

1
31000 3000

13333 1

310000 30000

and so on. Thus the difference between the fractions
3 33 333

107 1007 1000°
make this difference as small as we wish. Put another way,

- from % gets smaller and smaller. We can

33 333

. o 3
the fractions continuing as 10° 100" 100 = &€t closer and

1
closer to 3

‘We write this fact in short as
1 _0333..
3

Fractions

Unending measurements

. 1 .
How do we write 3 metres without
fractions? We can write

% =3 % decimetres. What if we write

%decimetres in centimetres?
. 10 1 .
decimetre = 3 = 33 centimetres.

And % centimetres in millimetres?

It becomes 3% millimetres. So %
metre is 3 decimetres, 8 centimetres,

3 millimetres and % millimetres more.

That is 333% millimetres. What if we
. L 1
use micrometre, which is 1000 of a

L . 1
millimetre as our unit? 3 metres

becomes 333333% micrometres.

However much we divide into parts of
ten, does this end?

J

Note that the decimal form 0.333... given here is different from the decimal

forms we have seen so far.

Every decimal form seen earlier is a single fraction with the denominator being

a power of ten; but this new form stands for a fraction approached closer and

closer by a never ending line of fractions, of denominators powers of ten .

Thus, to include a number like % we make a new kind of decimal form.

1. .
Let’s take another example; — which also does not have an equal fraction

with denominator a power of 10 (why?). Let’s see if we can write it in this

new decimal form.
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. 1 L1 .
As in the case of 3. We first write r like this:

.. 10 T
Though we can write o as 2 , we put off simplifications to the end, to make

things clear.

.. 10 4
Now writing B as I+ o We get
From this, we get

. . 1 .
Thus we get a fraction of denominator 10, close to . Now to get a fraction

. 1 .
of denominator 100, closer to o > start with

.. 100 . . 4
Writing the = on the right side as 16+, we get

=L(16+i} =£+i
100

1
6 6) ~ 100 600

And from this we find,

_ 16

1
6 100
Continuing like this, we get

I
6

166 1

1
6 1000 1500

11666 1

6 10000 15000
and so on.




Fractions
What do we see here?

1 16 166

. 1
The fractions 10" 100" Tooo " 8¢t closer and closer to 5

. 1 . . . .
As in the case of 3 > Wewrite this fact in short, as a decimal form:

The process of finding this can be simplified as shown below:

H
_
= (-
>
5|~
=
g|-
o

S| N

@)

=
‘C\OH

Sl

1 4

1
6 10 60

[FSIREN
(o) )

16 4
=— +

1
6 100 600
1_ 166 4
6 1000 6000

4
3

oy o

Let’s do % like this:

66

3100 300

666 2
+

"~ 1000 3000

2
3

2 0.666...
3
>
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. . . . 6 66 6066
m As in the previous examples, this means the fraction 10" 100° 100" &t

2
closer and closer to 3

We can note another thing here. Since the remainder is 2 itself from the very
first division, we can see that the quotient would be repeatedly 6 thereafter.
That is, in this procedure, if a remainder is repeated, then from that place
onwards, the digit in the quotient would be repeated.

For example let’s take % .

|H
|-
|-
|-
|H

—_
J—
=

)
—
(=]
T
—_
=)
S
—_
=]
T

—_

S

=

\]

[e) FEN
(== 1\
S| oo
S|n

1 3

1
710 7x10
1
7

~
—_—
N W o= S=

oo O

4 2
102 7x10?
142 6
=— +
10°  7x10°
1428 4
= +
10 7x10*
1 14285 5
_= — 4 —
7 10° 7x10°
142857 4

1
= +
7 10 7x10*

—_ N
O

MO\‘
o) )

4 0
3 5

If we continue, the same digit 1, 4,2, 8,5, 7 would be repeated in this order

(Why?)

Thus we write

= 0.142857142857...

} . 4 . )
Find the decimal forms of > % i and so on. What is the relation be-

tween these and the calculations done in the section, Cyclic division of the

lesson, Equal sharing in the Class 5 textbook?

Now look at this line of numbers:
49 499 4999

1007 1000° 10000°

Do they get closer and closer to any number?

<>
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We can easily see that
49

1%
2100
499

1
21000 1000
1 4999

210000 10000

1 .
Thus, these numbers get closer and closer to 5 So, according to the new

decimal forms, we can also write.

1 0.4999...
2

We have already seen the usual decimal form of %

1 5

2710

Similarly, we can see that the numbers 0.19, 0.199, 0.1999, ... get closer
and closer toé . Thus % has a new decimal form as 0.1999...., in addition to
the original form 0.2.

In general, when we create new decimal forms, all the old forms have a new
form also.

What about the numbers 0.9, 0.99, 0.999, ... ?
They get closer and closer to 1, right?
So, according to the new representation, we can also write.

1 =0.999...

Find the fraction of denominator is a power of 10 equal to each of the
fractions below, and then write their decimal forms:

1 . 3 . 5 . 12
- ) i) {6 v &%
Find fractions of denominators which are powers of 10, getting closer
and closer to each of the fractions below and then write their decimal
form.

5 . . 23
)¢ i)

1 11 111

Explain using algebra, that the fractions 10" 100" Too0” ~ 1 closer

1
and closer to 5o

Fractions
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0

I l ii What can we say in general about those decimal forms in which
asingle digit repeats?

r Project
=
Can every fraction be written as the sum of unit fractions? Justify.

in this?)

Looking back
g With

Learning outcomes teacher's Must
help improve

Explaining different ways of checking the
equality of two fractions.

Explaining different ways of finding fractions
equal to a specified fraction.

Describing various ways to compare two
fractions.

Using algebra to understand and explain patterns
of fractions.

Describing the method of writing fractions in the
decimal form.
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Mental math and algebra
Let’s start with a problem:

There are 100 beads in a box, some black and some white; 10
more black than white. How many black, how many white?

We can do this in several ways. Taking out the 10 extra black beads for the
time being, we have 90 left in the box, black and white equal. So, 45 of each.
Adding the 10 black beads kept apart, black becomes 55 and white remains
at 45.

We can do it with algebra also. (Recall the lesson, Equations in Class 8).

Taking the numbers of black beads as x, the number of white beads isx— 10
and since there are 100 in all,
x+(x-=10)=100

We can extract x from this:
2x—10 = 100
2x = 110
x = 55

Thus we find the number of black beads as 55; subtracting 10, we get the
number of white beads as 45.

There is another way using algebra again. Taking the number of black beads
as x and the number of white beads as y, we can write what we are told as two
equations:
x +y=100
x—y=10

How do we separate x and y from these?
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Recall what we learnt about the sum and difference of two numbers, in class
7; adding the sum and difference of two numbers gives twice the larger number.
(The section, Sum and difference in the lesson, Unchanging Relations)

And we also saw that the difference subtracted from the sum gives twice the
smaller number.

So in our bead problem,
2x=(x+y)+(x—y)=110
y=@+y)=-(x-y)=90
Now we can see that x = 55 and y = 45.
Here is another problem:

The price of a table and a chair together is 5000 rupees. The price
of a table and four chairs is 8000 rupees. What is the price of
each?

Let’s first see whether we can do this in head. For a table and four chairs, the
price increases by 3000 rupees. It’s because of the three extra chairs, isn’t it?
That is, the extra 3000 rupees is the price of three chairs. So, the price of a chair
is 1000 rupees and the price of a table is 4000 rupees.

Instead of thinking it out like this, we can start by taking the price of a chair
as x rupees; further thinking gives the price of a table as 5000 — x rupees and
the price of a table and four chairs as (5000 —x) + 4x rupees. This is said to
be 8000 rupees. So,

(5000 — x) + 4x = 8000
From this, we can find out x
5000 + 3x = 8000
3x =3000
x = 1000

Thus we find the price of a chair as 1000 rupees; and the price of a table as
5000 — 1000 = 4000 rupees.

Without thinking any further, we can start by taking the price of a chair as x
rupees and the price of a table as y rupees; and then write the given facts as two
equations:

< >
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x +y=15000
4x + y = 8000
Then we may write y in terms of x using the first equation:
y =5000 —x
Now in the second equation, we can write 5000 — x in the place of y:
4x + (5000 — x) = 8000

This is the earlier equation we got, starting with just the price of a chair as x,
isn’tit? So we can compute the prices as before.

One more problem:

When we add one to the numerator of a fraction and simplify it,
we get % . When we add one to the denominator instead and
simplify it, we get % . What is this fraction?

This is difficult to do in head. Even by taking just the numerator or denomina-
tor as x, we can’t go very far. So, let’s start by taking the numerator as x and
the denominator as y. Then each of the two facts given in the problem can be
translated to equations:

Using cross multiplication (the lesson, Fractions) we can put them like this:
2(x+1)=y
3x=y+1

The first equation says the number y is equal to the number 2 (x + 1). So, we
can write 2 (x+ 1) for y in the second equation:

3x=2x+1)+1=2x+3
From this, we get x = 3; then from the first equation, we can find

y=2x% 4=8.Thus % is the fraction in the problem.
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7 Do each problem below either in your head, or using an equation with one

letter, or two equations with two letters:

(1) Inarectangle of perimeter one metre, one side is five centimetres longer
than the other. What are the lengths of the sides?

(2) A class has 4 more girls than boys. On a day when only 8 boys were

absent, the number of girls was twice that of boys. How many girls and

boys are there in the class?

A man invested 10000 rupees, split into two schemes, at annual rates of
interests 8% and 9%. After one year he got 875 rupees as interest from
both. How much did he invest in each?

A three and a half metres long rod is to be cut into two pieces, one piece
istobe bent into a square and the other into an equilateral triangle. The
length of a side of both must be the same. How should it be cut?

The distance travelled in 7 seconds by an object starting with a speed
of u metres/second and moving along a straight line with speed
increasing at the rate of @ metres/second every second is given by
ut+ % ar*metres. An object moving in this manner travels 10 metres in
2 seconds and 28 metres in 4 seconds. With what speed did it start? At

what rate does its speed change?

Two equations

See this problem:

The price of 2 pens and 3 notebooks is 40 rupees; and the price
of 2 pens and 6 notebooks is 60 rupees. What is the price of a
pen? And the price of a notebook?

Recall how we first solved the table and chair problem. Why does the price
increase from 40 to 60 here?

Because of 2 more notebooks, right? In other words, the increase of 20 rupees

is the price of 2 notebooks. So the price of a notebook is 10 rupees.
>

50




P
7 TI\.
[
Pairs of Equations

Now to get the price of 2 pens, we need only subtract the price of the 3
notebooks from 40 rupees, right? That is, 40 — 30 = 10 rupees. So, the price
ofapenis 5 rupees.

Let’s see how we can do this by taking the price of a pen as x rupees,
the price of a notebook as y rupees and then writing the given facts as
equations:

The price of 2 pens and 3 notebooks
is40rupees  2x + 3y =40

The price of 2 pens and 5 notebooks
is60rupees  2x + 5y =60

The increase is due to 2 extra notebooks ~ (2x + 5y) — (2x + 3y) =2y
The increase is 20 rupees 60 — 40 =20
The price of 2 notebooks is 20 rupees 2y =20
The price of a notebook is 10 rupees  y =10

The price of 2 pens is 30 rupees
subtracted from 40 rupees 2x =40 - (3 x 10)=10
The price ofapenisSrupees x=35
Look at a slightly different problem:

The price of 3 pencils and 4 pens is 26 rupees; and for 6 pencils
and 3 pens, it is 27 rupees. What is the price of each?

Let’s first try to do this without algebra. In this, the increase in price is not
due to the increase in one thing, as in the first problem. So, it is not as easy as
that.

Ifthe number of pencils or pens were the same in both the given facts, we could
have done it as before. How about making it so?

Let’s write the prices like this:

Pencil
3
6
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The number of pencils is 3 in the first row and 6 in the second. Can we make

it 6 in the first row also?
How about 6 pencils and 8 pens?
Pencil Pen
3 4
6 3
™6 8

27
52

The increase of 25 rupees from the second to the third is due to just 5 pens,

isn’tit?

So, the price of a pen is 5 rupees. Now from the first row, we can compute

the price of 3 pencils as 26 — 20 = 6 rupees and hence the price of a pencil is

2 rupees.

Now let’s write all these thoughts in algebra. Taking the price of a pencil as x

rupees and the price of a pen as y rupees, we can write the given facts and the

method of calculating the prices, like this:
The price of 3 pencils and 4 pens
is 26 rupees

The price of 6 pencils and 3 pens
is 27 rupees

The price of 6 pencils and 8 pens
is 52 rupees

The increase is the price of 5 pens
The increase is 25 rupees
The price of a pen is 5 rupees

The price of 3 pencils is 20 rupees
subtracted from 26 rupees

The price of a pencil is 2 rupees

3x +4y =126

6x + 3y =27

6x + 8y =2 (3x+4y)=52
(6x + 8y) — (6x + 3y) =S5y
5y =25

y=35

3x=26—-(4x5)=6
x=2

We can rewrite these as follows. First we write the facts given in the problem

as equations and label them as equation (1) and equation (2).
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3x+4y =26
6x +3y =27

Pairs of Equations

(D
@)

Equation (1) says, the number 3x + 4y is 26; so twice this number is 52.

6x + 8y =152

®)

Now using equation (2) and Equation (3), we get

(6x + 8y) — (6x +3y) = 52-27

Simplifying this, we get

5y =25

and this gives y=15. Now taking y as 5 in Equation (1), we can compute x:

3x+(4x5) = 26
3x

X

Another problem:

Five small buckets and two large buckets
of water make 20 litres; two small buckets
and 3 large buckets make only 19 litres.

How much water can each bucket hold?

Taking a small bucketful as x litres and a large bucketful

as y litres, we can write the given facts as equations:
Sx+2y=20 (1)

2x+3y=19 )

Proceeding as in the first problem, to get 2x in equation

(1) also, we must multiply by % orto get Sx in equation

(2) also, we must multiply by % .

i Different Facts b
Ramu bought a pencil and a pen for 7 rupees.
Aju bought 4 pencils and 4 pens for 28 rupees.
They tried to calculate the price of each using
these facts. Taking the price of a pencil as x
rupees, they used the first fact to get the price
of a pen as 7 — x rupees. Using this in the
second fact, they got

4x +4(7 —x)=28
What did they get on simplification?
28 =28
What if they had taken the price of a pencil as
x rupees and the price of a pen as y rupees?
x+ty=7
4x + 4y =28
If the second equation is written as
4(x+y) =28
They would only get
x+ty=17
again.
In this problem, only one fact is actually given,
though stated in two different ways. And using
that alone, we cannot find the separate prices.

\ J
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Mathematics IX

e ™
Math and fact

A rectangle of perimeter 10 metres is

to be made with one side 5.5 metres

longer than the other.

Taking the length of the shorter side as
x metres, the length of the longer side
must be x + 5.5 metres. Since the

perimeter is to be 10 metres.

x+(x+55=2_5

2
That is,
2x+55=5
Which gives
2x=—-10.5
x=-0.25

But the length of a side of a rectangle
cannot be a negative number.

What this means is that we cannot draw
arectangle satisfying these conditions.
In this problem, if we take the length of
the sides as x and y metres, we get
x+y=35
y—x=35.5
And we can immediately see that there
are no positive numbers satisfying both

these conditions. (The sum of two
positive numbers cannot be less than

their difference, right?) )

Thus, we can find the prices. There is a way to do this
without fractions. We can make 10x in both equations; we
need only multiply equation (1) by 2 and equation (2) by 5.
The equations change like this:

(1) x2: 10x +4y =40 3)
(2) X5: 10x+ 15y =95 @)

Now subtracting equation (3) from equation (4),

we get
4) —(3): 11y =55

and this gives

y =5
Now using this in Equation (1), we can calculate x:

Sx+10 = 20
S5x =10
x=2

Thus we see that the small bucket holds 2 litres and the
large bucket, 5 litres.

Raju bought seven notebooks of two hundred pages and five of hun-

dred pages, for 107 rupees. Joseph bought five notebooks of two hun-

dred pages and seven of hundred pages, for 97 rupees. What is the

price of each kind of notebook?

Four times a number and three times a number added together make 43.

Two times the second number, subtracted from three times the first give
11. What are the numbers?

The sum of the digits of a two-digit number is 11. The number got by

interchanging the digits is 27 more than the original number. What is this

number?
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Pairs of Equations

Four years ago, Rahim’s age was three times Ramu’s age. After two
years, it would just be double. What are their ages now?

If the length of a rectangle is increased by 5 metres and breadth
decreased by 3 metres, the area would decrease by 5 square metres.
Ifthe length is increased by 3 metres and breadth increased by 2 metres,
the area would increase by 50 square metres. What are the length and
breadth?

Some Other equations
See this problem:

Oftwo squares, sides of the larger are 5 centimetres longer than
smaller and the area of the larger is 55 square centimetres more.
What is the length of the sides of each?

Taking the length of a side of the larger square as x centimetres and that of the
smaller as y centimetres, we can put the facts given as two equations:

x—y=35
x> —)?=155
What do we do next?

Recall that x> — y? = (x + y) (x — y); this we can write as

- y?

xty= Ty

So in our problem,
_ 55
xty=-+ 11

Now we have the sum x +y = 11 and the difference, x —y =5. We can
calculate the numbers as

x=73 (11+5)=8
y=5 (11-5)=3
Thus the lengths of the sides of the squares are 8 centimetres and 3 centimetres.

Another problem:

. . . 1
The perimeter of a rectangle is 10 metres and itsareais 5 square
metres. What are the lengths of'its sides?

<>
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Taking the lengths of the sides as x centimetres and y centimetres, perimeter
is 2 (x +y) centimetres and area is xy square centimetres. So the facts given
can be written as the equations,

x+y=5
1
Xy=357
What next? Can we find x — y from these?

Recall that (x + y)* — (x — y)*> = 4xy. We can write this as

=y = +y)? -4y
So in our problem

(x—y)? =5 — (4x5§) —25-21=4

This gives x—y=2. Together with x +y =5, we can find x=3%,y=1%

Thus the lengths of the sides of the rectangle are 3 % metres and 1 % metres.
(1) A 10metre long rope is to be cut into two pieces and a square is to be

made using each. The difference in the areas enclosed must be

1 .
1 square metres. How should it be cut?

The length of a rectangle is 1 metre more than its breadth. Its area is
3 .
37 square metres. What are its length and breadth?
. . .o 1 : . :
The hypotenuse of a right triangle is 6 5 centimetres and its area is

7% square centimetres. Calculate the lengths of its perpendicular sides.

Looking back
f With

Learning outcomes teacher's Must
help improve

o From two given facts about two measures,
calculating the measures either mentally or
writing the facts as a single equation with a
single letter or writing them as two equations

with two letters.
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Length and numbers

See the picture:

A small square and a larger one drawn on
its diagonal.

We have seen in Class 7 that the area of
the large square made thus is twice the area
of the smaller one, remember?

That is, if the sides of the small square are
one metre long then the area of the large
square is two square centimetres.

What is the length of its sides?

It is longer than one metre anyway; and shorter than two metres (how come?)
It may be some fraction of a metre between one and two, but then the area of
the square being two metres, the square of this fraction must be two.

What fraction has the square two?

One and a half perhaps?
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m So, one and a halfis a bit too large. One and a quarter?

2
(11) = +l+i: 12
4 2 16 16
But now it is smaller than two. One and a third?

2
(ﬁ] “142.1 47
3 39 9

It also is smaller, but better that one and a quarter.
Instead of proceeding by trial and error like this, why not try algebra?

Taking x as the numerator and y as the denominator of a fraction whose

square is to be 2, we get

2
X

yz =2
We can write itas x*= 2)”

Now it is a problem of natural numbers: find two natural numbers, the square
of one being double the square of the other. In this, x is a multiple of 2; that

is an even number. What about x?

Squares of odd numbers are odd and squares of even numbers are even,

right? So, x is also an even number.

It means we can write x = 2u. This gives y* = 2u” .

Now y? and hence y is an even number. So we can write y = 2v.

The equation y* = 2u* becomes (2v)? = 2u?, and simplifying this we get
2v? =u? That is,

w =207

It’s our old equation again, isn’t it? Instead of the numbers x and y we now

have u and v. So, everything we have found out about x and y can be repeated

<>
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for u and v also. And finally concluding that # and v are even numbers and
taking

u=2s v=2t
We would get s? =27

This can be continued on and on, but that doesn’t solve our problem. We can
note another thing here. We got x = 2x and in it, u = 2s, so that x = 4s.
Similarly y=4t. So a and y are not only multiples of 2 as seen earlier, but in
fact multiples of 4.

If we continue playing with equations, we would find x and y to be multiples
of 8 and 16 and so on.

Thus if there are natural numbers x and y satisfying the equation x*=2)7, then
they must be multiple of all powers of 2.

How can that be? Is there any natural number which is a multiple of all power
of 2? Thus, there are no natural numbers satisfying our equation and so, no
fraction whose square is 2.

The square of any fraction is not 2.

So what happens to our geometric problem?

If the diagonal of a square of side one metre is a
fractional multiple of one metre, then the square of the
fraction must be two (we have seen in Class 6 that the
area of a square is the square of its side, even when

the length of a side is a fractional multiple of the unit).

But there is no fraction whose square is 2. So, what
can we say?

The diagonal of a square of side 1 cannot be

expressed as a fraction.

We have several such lengths which cannot be expressed
as a natural number or fraction. For example, see this
picture.

1 metre
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Origin of numbers

Measure everything and make it a

a ") What is the hypotenuse of the right triangle drawn on the
diagonal of the square? Let’s draw squares on all its sides:

number; and through such numbers
and relations between them try to
understand the world — this is the basic
function of mathematics

Depending on the nature of the things
measured, different kinds of numbers
need to be created. During the age
when men gathered food directly from
nature, they needed numbers only for
counting — the number of men in a
group, the number of cattle in a herd
and so on. In other words, only natural
numbers were needed at that time.

Later around five thousand BC, as
men settled along river banks and
started large scale agriculture, they
needed to measure all kinds of lengths
and areas to mark land and build
houses. The concept of fractions
arose in this period. New numbers
were needed when it was realised that

not all measurements could be
expressed as fractions. a fractional multiple of 1 metre, then the square of this fraction

Still later other kinds of numbers like | mustbe 3.
negative numbers and complex
numbers were created for

mathematical convenience, rather
than physical necessities. That such | €ither. So, the length of the hypotenuse of this right triangle

By Pythagoras theorem the area of the green square on the
hypotenuse of our right triangle is 1 +2 =3. So, ifits length is

Just as we proved that the square of any fraction cannot be
2, we can prove that the square of any fraction cannot be 3
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numbers were also found useful in | also cannot be expressed as a fraction.

science like physics is another matter.
\ J

Let’s look at another example: Suppose we want to make a cube of volume 2
cubic centimetres, what should be the length of its sides? We can show that
the cube (third power) of any fraction is not 2. So, the length of a side of this
cube cannot also be expressed as a fraction.

Thus, there are many instances where we need lengths which cannot be
expressed as fractions.
< >
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Measures and numbers

New Numbers

We have to make a new kind of number to denote measures which cannot

be expressed as fractions. Let’s take our first example. How do we denote

the length of the diagonal of a square of side 1 (metre or centimetre or

whatever)?

We can put the question like this: how do we denote the side

of'a square of area 2?

For a square with length of a side denoted by a natural number
or a fraction, this length is the square root of the area. For

example, the length of a side of a square of area 4 is /4 =2;

if the area is 2% , then the length of a side is 2% = 1% .

Like this, we write the length of a side of a square of area
2as \2:

1 metre 2

Just giving a symbol to denote the length doesn’t solve our
problem. To know its size, we must compare it with known
lengths. We do this by finding fractions closer and closer to
this length. If we mark such lengths along the diagonal, the
squares with sides of these lengths get closer and closer to

the square on the diagonal.

Crumbling beliefs

During the sixth century BC,
Pythagoras and his disciples believed
that all measures could be compared
using natural numbers. More
precisely, they thought that any two
measures could be compared by
ratios of natural numbers. But the
ratio of the diagonal of a square to its
side cannot be expressed as a ratio
of natural numbers. For if this ratio
could be expressed as a : b, where a
and b are natural numbers, then the
diagonal would be % times the side,
so that the square on the diagonal

2
would be % times the square on the

side, which would give % =2.And
we have seen that this is impossible.

Itis believed that this was discovered
by Hippasus, who was a disciple of
Pythagoras.

Measures like the diagonal and
side of a square, which cannot
be compared using ratios of
called

incommensurable magnitudes.

natural numbers, are
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1 metre 1 metre 1 -metre

In terms of numbers alone, this means the (numerical) squares of the fractions
expressing the lengths of the sides of these (geometric) squares get closer and
closerto 2.

To find such numbers, it is more convenient to use the decimal forms of
fractions. Computing first the squares of the fractions 1.1, 1.2, 1.3, ... we find
1.4>=1.96
1.52=2.25

So, taking up to tenths, we get
142<2< 1.5?

Now computing the squares of the numbers 1.41, 1.42, 1.43, between 1.4
and 1.5, we find

1.412=1.9881; 1.422=2.0164
So, taking up to hundredths, we get

141°<2< 1422
Continuing like this, we find
1.4% = 1.96 1.5% = 225
1.412 = 1.9881 1.422 = 2.0164
1.4142 1.999396 1.415° 2.002225
1.41422 = 1.99996164 1.41432 = 2.00024449
1.414212 1.9999899241 1.41422* = 2.0000182084

and so on. That is, up to five decimal places,

1414212 <2 <1.414222

We can also note that

2 —1.41421%2 = 0.0000100759 < 0.00002
>
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Summarising, we have found this:

The squares of the fractions continuing as

14 141 1414 14142 141421
10°100° 1000° 10000 100000 "

‘We write this fact in short like this:
J2 =1.41421 ...

So, we can say that the number +/2 is 1.4 up to one decimal place, 1.41 upto

.. getcloser and closer to 2.

two decimal places, and so on. We write

NG (
2 = 14 File Edit View Options Tools Window Help

=141 DEEPEORRANCE

and so on. The symbol = in this means approximately (nearly)

equal.

Like this, the length of the sides of a square of area 3 is said
to be /3.

In the picture, a side of the smallest
square is 1 centimetre. Calculate
the area and a side of the largest
square. Draw this picture in
GeoGebra, using Regular Polygon.
Use Area to find the area of each
square. Which of the squares have
a fraction as the length of a side?

J

1 metre *

Making computations as before, we can see that the squares of the fractions
1.7, 1.73,1.732... get closer and closer to 3. We shorten this by writing
V3 =1.73205...

In general, for any positive number, the length of a side of a square of area x
is written /x . In some cases, +x would be a natural number or fraction; in
other cases, we compute fractions whose squares get closer and closer to x
and write /x in decimal form.

<>
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In the picture, the square on the hypotenuse
of the top most right triangle is drawn.

Calculate the area and the length of a side
of the square.

A square is drawn on the altitude of
an equilateral triangle of side 2 metres.

)] What is the area of the square?

i)  What is the altitude of the
triangle?

What are the lengths of the other two sides of the triangle shown
below?
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2 metres

We have seen in Class 7 that any odd number can be written as the
difference of two perfect squares. (The lesson, Identities) Using this,
draw lines of lengths /7 and /1] centimetres.

Explain two different methods of drawing a line of length i3
centimetres.

Find three fractions larger than ,/2 and less than /3.

<>
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Addition and subtraction

What is the area of a right triangle with lengths
of perpendicular sides 1 metre?

And the perimeter?

The length of its hypotenuse is /2 metres.

So, to get the perimeter, we must add 2 metres and /2 metres.
We write it as 2 ++/2 metres.

The fractions which are approximately equal to \/2 continue
as 1.4, 1.41, 1.414, ... So the fractions approximately
2+ /2 are got by adding 2 to these; that 3.4,3.41,3.414, ...

1 metre

New Numbers

Ve

A different ratio
B is the centre of the circle in the

picture.

kAB:BC=\/§:1

C

7

\
/

In this problem, if we need only measurements correct to a centimetre, we

can take the perimeter as 3.41 metres. And if we want accuracy up to

millimetres, we take it as 3.414 metres.

Suppose we draw another right triangle as in the pic-

ture, with the hypotenuse of our first triangle as base.

We have seen that its third side is /3 metres.

1 metre

We can write its perimeter as 1 + /3 + /3 metres.

To get fractions approximately equal to ./2+./3, we

add approximately equal fractions of each.

<>
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2 : 1.4 141 1414
V3 : 1.7 .73 1.732

i+ 43 3.1 314 3.146

Adding 1 to these, we get fractions approximately equal to 1+./2+./3.
Thus the perimeter of the new triangle, correct to a millimetre is 4.146 metres.

How much more is the perimeter of this triangle, than the perimeter of the
first one? We can say, approximately 4.146 —3.414 = 0.732 metre.

Or we can compute it like this:
(I+2+B) -2+ Nn2)=1+B3-2= 3 -1= 0.732

Now we draw one more triangle on top of this.

How much more is its perimeter, than that of the second triangle?

The perimeter of this new triangle is 2 + 1 +./3= 3+,/3 metres. We can
calculate the increase in perimeter without calculating fractions approximately

-
=
-
=
-
-
-
=
—
-
-
-
-
-
-
=
-
-
-
-
-
=
-
=
-
-
=

equal to its perimeter.

The perimeter of the second triangle is 1+.,/2 +./3 metres. So, the increase in
perimeter is

B+B)-(0+2 +B3)=2-2
We can compute this up to three decimal places as

2-1.414=0.586

So, the perimeter is approximately 0.586 metre more.
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. . | |
The hypotenuse of a right triangle is 1 5 metres and another side is %

metre. Calculate its perimeter correct to a centimetre.

The picture shows an equilateral triangle

cut into halves by a line through a vertex.
0) What is the perimeter of a part? &
9
&
i)  How much less than the perimeter v
of the whole triangle is this?

Calculate the perimeter of the triangle shown below.

30°

2 metres
We have seen how we can draw a series of right triangles as in
the picture.

)] What are the lengths of the sides of the tenth tri-
angle?
i)  How much more is the perimeter of the

tenth triangle than the perimeter of the
ninth triangle?

How do we write in algebra, the dif-
ference in perimeter of the n™ tri-
angle and that of the triangle just be-
fore it? ]

What is the hypotenuse of the right triangle with perpendicular
sides /2 centimetres and /3 centimetres? How much larger
than the hypotenuse is the sum of the perpendicular sides?

<>
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We have seen this picture many times. What

m Multiplication

is the perimeter of the square in this?

We know that the length of each of'its sides is
J2 metres. So to get the perimeter, we must
calculate four times this.

As with other numbers, we write 4 times /2
as 4 x+/2. Usually we write this without the
multiplication sign, as 4+/2.

1 metre

To get fractions approximately equal to this, we find four times the fractions
approximately equal to /2.

So the perimeter of our square, correct to a millimetre, is

4 x1.414 = 5.656 metres

Similarly, we write half of /2 as % J2.

By taking half of fractions approximately equal to

J2, we get fractions approximately equal to% J2.

That is %ﬁ =0.7071 . ..

Now see these pictures:

An equilateral triangle is cut into halves and the pieces rearranged to make a

rectangle.
>
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What is the perimeter of this rectangle?

Since the right triangles are equal, the base of each is 1
metre and we have seen in an earlier problem that the
heightis \/3 metres.

So, the perimeter is 2+/3 +2 metres.

We can calculate fractions approximately equal to this

numbers as below:

V3 1.7 173 1.732 ...
23 0 34 346 3464 ...
23+2: 54 546 5464 ...

As with other numbers, is 2+/3 +2 equal to 2 (+/3 +1)?

We can compute fractions approximately equal to the second number like
this:

V3 : 1.7 .73 1.732 ...
3o+ 27 273 2.732...

2(V3+1): 54 546 5464 ...

Thus the fractions approximating 2 /3 +2 and 2 (+/3 + 1) are the same. So,

23+2=2(3+1)
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Now let’s see what the area of this rectangle is.
Ifthe lengths of sides are fractions, then the area is their product.

Here also, is the area 1 x~/3 =+/3 , which is the product of the sides?

To see this, let’s draw rectangles of one side 1 metre and the other side
fractional lengths approximately equal to ~/3 metres, within our rectangle (as
we have done sometime before).
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0

v LLEMELres coeeeeenns
v 1.6 MELres. i
1.7Tmetres:

1 metre 1 metre

As we continue taking the heights of the inner rectangles as 1.73, 1.432 ...
metres, their areas are also the same number in square metres.

Thus the area of a rectangle of sides 1 metre and /3 metres is indeed /3
square metres.

Now, what if the lengths of the sides are /3 and /2 ? We denote the area
as /3 x2.

To explain it in terms of numbers, we multiply fractions approximately equal
to /3 and /2 inorder and take as many decimal places as we need:

3 L7 173 1732 1.7320 1.73205 ...
2 14 141 1414 14142 141421 ...

24 244 2449 24494 244948 ...

J3XJZ=244948

(" "\ We note another thing here. The numbers 1.4%, 1.412,1.4142,
Decimal Math
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1.41422, ... get closer and closer to 2. (The very meaning of

In shortening numbers in decimal writing <3 = 1.41421 . .. is this).
form up to a definite place, if the

digit in the next place is more than And the numbers 1.7, 1.73%,1.7322, 1.7320%, 1.73205%,. . .

5, we increase the digit in the get closer and closer to 3.

desired place by 1. For example, So, the product of these squares must get closer and closer to
1.7 x 1.4 = 238, and its 6,r1ght‘7
approximation upto the first

decimal place is 2.4. And the product of squares of fractions is the square of the

g product.
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Thus we have
1.7 x 1.4 (1.7 x 1.4)

173> x 1412 = (1.73 x 141y
1.7322 x 1.414°= (1.732 x 1414y

and so on. In this, the products 1.7 x 1.4, 1.73 X 1.41 and so on are already
calculated in the last row of our table. So, we can write fractions approximating
2,3 and 6 like this:

3 1.7 1.732  1.732% 1.7320*> 1.73205*...
2 1.4 1.417 1.414> 1.4142> 1.41421%...

6 2.4% 2447 24497 2.4494> 244948 ...

What does the last row of this mean?
The squares of the numbers 2.4, 2.44, 2.449,2.4494,2 44948,

... getcloser and closer to 6.

By our definition of new numbers, we write this as
J6 =2.44948 . ..

We have seen that /3 x,/2 is also equal to this. So we get,
3xJ2=+6

We can see that for numbers other than 2 and 3 also, the product of square
roots is equal to the square root of the product (we have already seen in
Class 7 that this is so in the case where the square roots are natural numbers
or fractions)

Jx x [y =[xy, for any positive numbers x and y.

We can use this to simplify certain square roots. For example, let’s
compute the hypotenuse of a right triangle of perpendicular sides 3 centimetres
each. By Pythagoras Theorem, the area of the square on this hypotenuse is
3%+ 3% = 18 square centimetres. So its length is /18 centimetres.

Now writing 18 as 9 x 2 we get.
VI8=19x2=9x2 =32

<>
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m We can see this geometrically also:

&
2

3 cm lem | cm 1 cm

7 (1) Of fourequal equilateral triangles, two are cut vertically into halves

and two whole are put together to make a rectangle:

A A A A

Ifaside of the triangle is 1 metre, what is the area and the perimeter of
the rectangle?

(2) Asquare and an equilateral triangle of sides twice as long are cut and
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the pieces are rearranged to form a trapezium, as shown below:

N A e

Ifaside of the square is 2 centimetres, what are the perimeter and area
of the trapezium?
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New Numbers

(3) Calculate the perimeter and area of
the triangle in the picture.

Allred triangles in the picture are equilateral.

What is the ratio of the sides of the outer and
inner squares?

From the pairs of numbers given below, pick out those whose product
is a natural number or a fraction.

)32 i) V3 412 iii) /5, V8

VG v P

Division

We can write the product 2 X 3 =6 as the division g =3 or g =2 Similarly,
the product /2 X/3 = /6 can also be written as divisions:
76 & _ s
AT N /2
2 V5
In general, for any natural number or fraction x, y, we can write the product

C . 4 Z_
as x X y =z and the division as ;Zyand ;—x.
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Similarly

m For any positive numbers x, y the product
Jx x|y =z

can be written as the divisions

i .
n U

) 6 6
Now since 5= 3 and 3= 2, we have

6 _ 6
fo
And we have seen earlier that
J6
N
From these pairs of equations, we get

J6 6 J6  [6
B E 5

Similarly, from 3 x% =2, we get

J3x \/Z - 3x2=12
3 3
and then we can write this product as the division

2 _ 2

30V

Now let’s see how such square roots are computed.

For example, to compute L we first write

2’
\F_L
2 2

Then we can take a fraction approximately equal to /2 , divide 1 by this
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1
number and thus get a fraction approximately equal to NoE

1 1
NANE Y 0.707 (You can use a calculator).

. : .12 : .
There is an easier way. Since 5=, Wecan proceed like this:

<>
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Now we easily get

% = # =0.707 (You don’tneed a calculator for this!)

We can see g = \g , geometrically also:

Can you compute \g like this?

Calculate the length of the sides of the
equilateral triangle on the right, correct
to amillimetre.

New Numbers

The picture shows the vertices of a regular hexa-
gon connected by lines.

0) Prove that the inner red hexagon is also
regular.

i)  How much ofaside of the large hexagon
is a side of the small hexagon?

How much of the area of the large
hexagon is the area of the small hexagon?

<>
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_ 1
m (3) Provethat (+/2 +1) (+/2—1) =1. Use this to compute /2 1 correctto

two decimal places.

1 .
Compute N correct to two decimal places.

Prove that \/% = 2\/% and 3% = 3\/2 . Can you find other numbers
like this?

The picture shows a tangram of 7 pieces
made by cutting a square of side 4
centimetres. Calculate the length of the
sides of each piece.

Looking back %

C With
Learning outcomes teacher's Must
help improve

Justifying the fact that not all lengths can be
expressed as fractions.

Explaining the method of expressing as
decimals, those square roots which cannot
be expressed as fractions.

Explaining the geometric meaning of such
numbers and the method to compute the
decimal forms of fractions approximately

equal to them.




Circles and lines

Use a bangle or a small lid to draw a circle in your notebook. How do we find
its centre?

The distance from any point on the circle to the centre is the same.

So, if we mark two points on the
circle, the centre is a point at the same
distance from both. How do you find
such a point?

In this picture, the point is above the
centre.

It is not right in this picture also. Instead
of proceeding by trial and error like this,
let’s stop and think a little bit about the
problem.

There are so many points at the same distance from the two points marked on
the circle. How do we decide which among them is the centre?
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All the points which are at the same
distance from two fixed points are the
third vertices of isosceles triangles with
the line joining these two points as base.

And we know that such points lie along the perpendicular bisector of the base
(The lesson, Equal Triangles in the Class 8 textbook).

So, the centre we seek is on the
perpendicular bisector of the line joining
the points we have marked on the circle.

But this doesn’t tell us where on the
line the centre is.

If we mark two other points on the
circle, the centre must be on the

perpendicular bisector of the line joining ‘\
these two points also. Since it must be

on both lines, it must be their point of

intersection. \_/

The job is done; let’s now record what we learnt from it:

The perpendicular bisector of the line joining any two points

on a circle passes through the centre of the circle.

To avoid the long phrase “a line joining two points of a circle”, we give such
lines a name. (To think a lot and say a little is the way of mathematics). A line
joining two points on a circle is called a chord.

>
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Thus our general conclusion can be put like this:

The perpendicular bisector of any chord of a circle passes
through its centre.

Now if we just have a part of a circle (a piece of bangle, for example) can’t
we find the centre and thereby complete the full circle? Just draw two lines
inside the piece and draw their perpendicular bisectors:

AN AT

We reached the above conclusion, starting from the observation that the ends i
of'a chord and the centre form an isosceles triangle. We have seen in Class 8
that the relations between the base and the third vertex of an isosceles triangle
can be put in different ways:
o The perpendicular from the third vertex bisects
the base.
o The line joining the third vertex and the midpoint
of'the base is perpendicular to the base.

o The third vertex is on the perpendicular bisector
of the base.

Our statement on chords of a circle is formed by taking \/

the base as a chord and the third vertex as the centre in
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the third statement above. Similarly we can rewrite the first two statements on
triangles as statements about circles.

The perpendicular from the centre of a circle to a chord bisects

the chord.

The line joining the centre of a circle and the midpoint of a
chord is perpendicular to the chord.

>
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Let’s look at another problem: We need to draw an equilateral triangle with
vertices on a given circle. If we draw just any two chords of the same length,
the third side may not be equal to these. (Try it!)

So, the first chord itself must be drawn with some care and computation.
Let's see how it will look once the triangle is drawn. (We can use GeoGebra
for this: draw an equilateral triangle using Regular Polygon and use Circle
Through Three Points to draw a circle passing through its vertices)

Chord and Cord

A chord of a circle is called jya in
Sanskrit. This word actually means
bowstring.

The portion of a circle \_/

consisting of a chord and

part of the circle
connecting its end points 120°
does look like a bow, right?

The word chord in English comes \\/
from the word chorda in Latin,

meaning rope. Now we use the | The three triangles obtained by joining the centre of the circle
word cord in English for a string. to the vertices are equal. (Why?) So the angles between these

7 lines are all 120°.

Now draw a radius perpendicular to one of the sides:

60° Q @®
[ [
<>
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Can you see how angles in the picture on the left and then in the picture on the
right are calculated as 60°?

Anyway, the bottom side of the large (green) equilateral triangle is the
perpendicular from one vertex of the small (pink) equilateral triangle to its

opposite vertex; so it bisects this side of the small triangle.

In other words, a side of an equilateral triangle drawn with vertices on a circle
bisects the radius perpendicular to it.

Now there is a question: is it true the other way round?

That s, if a chord which is a perpendicular bisector of some radius is drawn,
will it be a side of an equilateral triangle with vertices on the circle?

Let’s see. Draw a radius and its perpendicular
bisector.

Next extend the radius to
diameter and join its
further end to the ends of
the chord.

To prove that the triangle obtained thus is
equilateral, draw the lines as in this picture.
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To prove that AABC is equilateral, we need only see that the sides 4B and
AC are equal and that the angle CA4B between them is 60°.

First look at AOAD. The sides OA and OD are equal, being radii of the
circle. Since the point A is on the perpendicular bisector of OD, the lengths
04 and DA are also equal. Thus AOAD is equilateral. Using this we can
calculate some angles as in the picture on the left; and then some more angles
as in the picture on the right:

C

aQ

Thus we find that in AABC, the angle at 4 is 60°. To see that AB and AC are
equal, look at AOAB and AOAC. Both have OA4 as a side. The sides OB and
OC are equal. The angle between OA4 and OB in AOAB and the angle between
04 and OC in AOAC are both 120°. So the sides AB, AC of these triangles
are also equal.

Thus ABC'is an isosceles triangle with one angle size 60° and so is equilateral.

This is a quick method to draw an equilateral triangle with vertices on a circle,
isn’tit?

7 (1) Prove that the line joining the
centres of two intersecting circles

is the perpendicular bisector of the
line joining the points of intersection.




Circles

The picture on the right shows two circles centred
on the same point and a line intersecting them.

Prove that the parts of the line between the circles
on either side are equal.

(3) A chord and the diameter through one of'its ends are drawn in a circle.
A chord of the same inclination is drawn on the other side of the diameter.

Prove that the chords are of the same length.

(4) Prove that the angle made by two equal chords drawn from a point on
the circle is bisected by the diameter through that point.

(5) Draw asquare and a circle through all four vertices. Draw diameters
parallel to the sides of the square and draw a polygon joining the end
points of these diameters and the vertices of the square:
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Prove that this polygon is a regular octagon.

< >
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Equal chords

Diameters of a circle are chords through the centre of the circle; and they are
also the longest chords. As the chords move away from the centre, their

lengths decrease:
yd
/ AN
/ \
[ . | .
\ J
\ /
N\ /
AN

Can you see that the chords at the same distance from the centre are of the
same length, whatever way they are moved, by sliding or rotating?

o )
Draw a circle in GeoGebra and join

two points on it to draw a chord. See this picture:
Mark its midpoint and enable Trace
On. Also enable Animation for the
end points of the chord. What is the
path of the midpoint of the chord?

Why is this so? Enable Trace on for . )
the chord Two chords at the same perpendicular distance from the

File Edit View Options Tools Window Help signin.

also. You 5] AL-[]>]o[o]alN]e
can colour
the chord to

get a pretty
picture.

centre. To prove that they are of the same length, join one end

of each to the centre:

In the two right triangles obtained thus, the hypotenuses are equal, being radii
of'the circle. And one pair of perpendicular sides are said to be equal. So by
Pythagoras Theorem, the third sides are also equal.

These third sides are half the chords, being the parts cut off by perpendiculars
from the centre. Thus we see that half the chords are equal and hence the

chords themselves are also equal.

< >

84



length.

distances from the centre? Try it!
Let’s look at a problem based on this.

The picture on the right shows two
equal chords extended to meet at a
point outside the circle.

Joining this point with the centre of the circle and drawing
perpendiculars from the centre to the chords, we get two right

triangles.

They have the same hypotenuse; and since the chords are equal,
so are the perpendiculars from the centre. Thus a pair of
perpendicular sides of the triangle are also equal. So their angles
outside the circle are also equal. That is, the line joining the
centre and the point of intersection of the chords is the bisector
of the angle between the extended chords. And this line is an
extension of the diameter.

We have seen in an earlier problem that if two equal chords
meet at a point on the circle, then the diameter through this
point bisects the angle between the chords. Now we see that
this is true, even if the chords intersect outside the circle.

< >
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Circles

Chords at the same distance from the centre are of the same

Conversely, starting with equal chords, can you prove that they are at equal

B IScl s INE

File Edit View Options Tools Window Help

BEE

»

o = 360°

Let’s see how a picture like this can
be drawn in GeoGebra. Draw a circle
centred at a point A and mark a point
B on it. Make an angle slider o. Select
Angle with Given Size and click
on B and A in order. In the window
coming up, give the size of the angle
as o.. We get anew point B’. Similarly
get another point B”” such that
Z/B’AB” = .. Join B/, B” and enable
Trace On. Animate the slider
and see. Instead of specifying
ZB’AB” as a, try 20, 3o, 4d, ..
The picture shows what we get for
ZB’AB” = 3aq.
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(1)  Prove that chords of the same length in a circle are at the same distance
from the centre.

(2) Two chords intersect at a point on a circle and the diameter through
this point bisects the angle between the chords. Prove that the chords
have the same length.

(3) Inthe picture on the right, the angles
between the radii and the chords are
equal.

Prove that the chords are of the same

length.

Length of Chords

We have seen that length of a chord is determined by the distance from the
centre. Let’s look at the actual computation now.

The picture on the left shows a chord of a circle and the perpendicular from
the centre. In the picture on the right, one end of the chord is joined to the
centre, to form a right triangle.

The hypotenuse of this right triangle is the radius of the circle, one of the
shorter sides is the perpendicular from the centre and the third side is half the
chord. So, we can calculate the length of the chord using Pythagoras Theorem:

In a circle, the square of half a chord is the difference of the
squares of the radius and the perpendicular from the centre to
the chord.

< >
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For example, in a circle of radius 4 centimetres, the square of halfa chord at
a (perpendicular) distance 3 centimetres from the centre is 4> — 3>=7; so the
length of the chords is 2 +/7 centimetres.

Now consider this problem: The distance between the ends of a piece of a
bangle is 4 centimetres and its height is 1 centimetre:

We have to calculate the radius of the full bangle. We can Haven’t you heard about the

imagine the bangle like this: mathematical text Leelavati by
Bhaskaracharya? Here is the

1 cm

Lotus problem

translation of one of its verses:

- g "In a lake full of frolicking birds,
s Stands a lotus bud
: Half a palm high

Moving lazily in the wind

It sank down at two palms

Tell me quickly, mathematician

e How deep the water is!"

Taking the radius of the bangle to be , we have from the right
triangle in the picture,
r—r-1y=4

Simplifying this, we get 2r— 1 =4 and sor =2 % . Thus the radius of the

bangle is 2.5 centimetres.
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7 (1) Inacircle,achord 1 centimetre away from the centre is 6 centimetres
long. What is the length of a chord 2 centimetres away from the centre?

In a circle of radius 5 centimetres, two parallel chords of lengths
6 and 8 centimetres are drawn on either side of a diameter. What is the

distance between them? If parallel chords of these lengths are drawn
on the same side of a diameter, what would be the distance between
them?
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(3) Thebottom side of the quadrilateral
in the picture is a diameter of the
circle and the top side is a chord
parallel to it. Calculate the area of the
quadrilateral.

(4) In acircle, two parallel chords of lengths 4 and 6 centimetres are
5 centimetres apart. What is the radius of the circle?

Points and circles

We have been talking about lines joining two points on a circle. Now consider

a question in reverse: How do we draw a circle through the ends of a line?

We can join any two points by a line. So the question can be put like this: Can —

we draw a circle through any two points?

Mark two points in your notebook. Can you draw a circle passing through
them?

A quick solution is to draw a circle with the

line joining the points as diameter. Can you
draw another circle?

If'such a circle is drawn, the line joining the points would be a chord. So, the

centre of the circle would be on its perpendicular bisector.

On the other hand, we can choose any point on this bisector as the centre, to
draw a circle through these points, right?




Circles

Draw a line and its perpendicular
bisector in GeoGebra. Mark a
point on the bisector and draw a
circle with centre at this point
and passing through an end point
of'the line. Enable Animation for
the centre. Trace On may be
enabled for the circle.

Now a new question, can we draw a circle through any three points?

If the points are on a line, we cannot.

/

What if they are not on a line?
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Let’s think a bit, before we try to do it.

We can draw a circle through any two of the points
given by choosing a centre and a point on the

perpendicular bisector of the line joining them. \
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Taking another pair of points and choosing a point on the perpendicular bisector

of'the line joining them as centre, we can draw a circle passing through them.

Thus we can draw two circles passing through two pairs of points. But what

we need is a single circle passing through all three points.

For a circle through the first pair of points, the centre must be on the first

bisector and for a circle through the second pair, the centre must be on the

second bisector.

\_

Line and circle
Through one point, we can draw as
many lines as we want; and circles
too.

Through two points, we can draw
only one line; but as many circles as
we want.

It may not be possible to draw a line
through three points. If we can draw
a line through three points, we cannot
draw a circle through them; and if
the three points are such that we
cannot draw a line through them, then
we can draw a circle through them.

J

J

What if we take as the centre, a point on both the bisectors,
that is, their point of intersection?

%
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passes through all its vertices.

Such a circle, passing through all three vertices of a
triangle is called the circumcircle of the triangle.

We can draw the circumcircle of any triangle by
choosing as centre, the point of intersection of the
perpendicular bisectors of two sides, as we have done
justnow.

Circles

If we join the remaining pair of points also, we get a triangle; and the circle

\be on a side of the triangle at any time?)

=

In GeoGebra, we can draw a Circle
Through 3 Points by using a tool of this
name. Make an angle Slider o and draw
a triangle with one angle a. Draw its
circumcircle and mark its centre using
Midpoint or Centre. Move the slider to
change o and see how the position of
circumcentre changes. When is it inside
the triangle? When is it outside? Will it

We can note another thing here. In our example, we drew the perpendicular

bisectors of the bottom and left sides of the triangle to get the centre of the

circumcircle. Since the right side is also a chord of the circumcircle, its

perpendicular bisector also passes through the centre.

In any triangle, the perpendicular bisectors of all three sides

intersect at a single point.
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third side.

each. (Note how the position of the circumcentre changes).

Draw three triangles with lengths of two sides 4 and 5 centimetres and
the angle between them 60°, 90°, 120°. Draw the circumcircle of

The equal sides of an isosceles triangle are 8 centimetres long and the
radius of its circumcircle is 5 centimetres. Calculate the length of its

(3) Find the relation between a side and the circumradius of an equilateral

triangle.

enec® %ﬁ
Looking back %‘%‘

-

Learning outcomes

my
own

With
teacher's
help

Must
improve

Explaining the relation between a chord of a
circle and the perpendicular from the centre
in various ways.

Drawing a full circle from a part of  it.

Explaining the relations between equal chords
in terms of the distance from the centre and
in terms of the angles made with the diameter
through the point of intersection.

Finding out the relation between the length of
chords and the distances from the centre.
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Parallel division

We have learnt many things about parallel lines and have drawn many figures
using them. There is much more.

Let’s start by drawing a line, another line parallel to it 2 centimetres below
and one more line parallel to these, 4 centimetres above:

[

4 cm

cm

Now if we measure vertically from any point on the bottom line, the distances
are again 2 centimetres and 4 centimetres:
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What if we measure at a slant?

Look at the right edge ot the ruler. What are the distances along 1t”
Measure along different slants. What do you see?

Along whatever line we measure, the distance from the middle line to the top
line is double the distance from the bottom line to the middle line, isn’t it?

In other words, the ratio of the distances along any line is the same as the ratio
of the vertical distances, right?

Let’s see if this is true for any three parallel lines. First let’s make our guess

clear. See this picture:

/
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Parallel Lines

\

There are three horizontal lines parallel to one
another and two slanted lines cutting them
across. Taking the lengths of the parts cut off
on the left line as a, b and those on the right line
as p, g, we have to verify whether the ratios
a:bandp: g are the same.

Forthis, we first convert the ratio a : b of lengths /
into aratio of areas.

See the picture on the right. Isn’t a : b, the ratio of the areas of the lower and
upper triangles? (The section, Triangle division of the lesson, Area)

Taking these areas as 4 and B, we have

a A

b B

In the same way, the ratio of the lengths p, g can

be rewritten as a ratio of areas.
If we take P and Q as the areas of the green
triangles, then

p _ P

q 0
Now let’s look at all the triangles together:
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Now the lower blue and green triangles share a common side; and
their third vertices are on a line parallel to this side. So, they have the same
area:

A=P
Things are the same for the upper blue and green triangles also, aren’t they?
So,

B=90

We have seen that % = % and g =0 Now we find that 4 = P and

B = also. Putting all these together, we get
a _ P

b q
Thus any three parallel lines cut any two lines into pieces whose lengths are in
the same ratio. We can extend the above reasoning to more than three parallel

lines also.

Three or more parallel lines cut any two lines in the same

ratio.

For example, in all three pictures below, the lengths a, b and c are in the same
ratio as the lengths p, g and r:

So what if some set of parallel lines cut a line into equal pieces? According to
our general principle, they will cut any other line also into equal pieces.
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Parallel Lines

If three or more parallel lines cut a line into equal parts, they
will cut any line into equal parts.

Now let’s see how these can be applied.
A 7 centimetre long line can be cut into two equal pieces by drawing the

perpendicular bisector; or we can just mark the point 3.5 centimetres away
from one end. How do we divide it into three equal parts?

Itis easy to do in a 6 centimetre long line.

Four parallel lines cutting a 6 centimetre line into three equal parts, will cut any
other line into three equal parts, right?

/

/
/

Suppose we make the length of the second line 7 centimetres?
So our way ahead is clear, isn’t it?

Draw a line 6 centimetres long and draw perpendiculars to it, 2 centimetres
apart. With some point on the first perpendicular as the centre, draw an arc of
radius 7 centimetres to cut the last perpendicular.
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Joining the first and last points, we have a line 7 centimetres long, cut into
three equal parts.

Circle division

N
D

)
2 \[F 0.5 em
e

4 cm

See how a 4 centimetres long line is
divided into two, three and four
equal parts in this picture. Using this,
can’t we divide it up to eight equal
parts? Like this can you divide a 6 | Draw a line 7 centimetres long and from one end, draw another

centimetres line into 7 equal parts, | [ine 6 centimetres long at a slant.
using ruled paper?

There is a slightly different way to do this:

Join the other ends of these lines. Divide the upper line into three equal parts
and draw parallel lines through these points.
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Parallel Lines

If you can’t see why this works, imagine the parallel lines extended a bit and
also a fourth parallel:

Shadow math
The height up to the lowest branch
of atree is 1 metre and the length
of the shadow of this part is 2
metres. The total length of the
shadow is 8 metres. What is the

A height of the tree?

NI

Let’s look at another problem.

What is the perimeter of the rectangle
on the right?

How do we draw a rectangle with sides
in the same ratio and perimeter 17

centimetres?

5 cm

Perimeter of 17 centimetres means the

sum of the lengths of the sides is 8.5 centimetres: So we need only draw a line
8.5 centimetres long, divide it in the ratio 5 : 3, and use the parts as the sides
of'the rectangle.

So, let’s first draw a line 8.5 centimetres long. To divide it in the ratio 5 : 3,
we proceed as in the second method of doing the first problem. Draw a line

8 centimetres long from one end and divide it into 5 centimetres and
3 centimetres parts:

Ao
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g Now join the other ends of the lines and draw a line par-

N . . o .
Draw lines AB and AC in GeoGebra. allel to it through the point of division of the shorter lines

Make a slider ¢ with Min = 0 and
Max = 1. With A as centre, draw a o o

to cut the longer line in the ratio 5 : 3.

circle of radius c times the length of
AB. (For this, give the radius of the
circle as ¢ * AB or ca. Here a is the
length of AB). Mark the point D
where this circle cuts AB. Similarly,

mark the point E on AC at a distance And the rectangle we require is the one with these parts
c times the length of AC, from A. as sides:

Draw the lines AD, AE and mark their
lengths. What is the relation between
them? Move the slider and see. Draw
the lines BC and DE. what is the
relation between them?

A slightly different problem:

A rectangle is shown here.

Its length and breadth are not given. We must draw a rectangle with the same
ratio of sides, but with perimeter 3 centimetres more.

For this, we first put the length and width of the given rectangle along one line:

Now we draw below it another line of the same length at a slant and extend it
by 1.5 centimetres. (Why?)
< >




Parallel Lines

1,501]]

Now join the other ends of the lines and draw a parallel to it to cut the lower
line.

Now we can draw the required rectangle with parts of the lower line as sides.
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(1) Draw an 8 centimetres long line and divide it in the ratio 2 : 3.
(2) Draw arectangle of perimeter 15 centimetres and sides in the ratio 3 : 4.
(3) Draw triangles specified below, each of perimeter 10 centimetres.

1)  Equilateral triangle

i) Sidesintheratio3 :4:5

i) Sidesintheratio2:3:4

In the picture below, the diagonals of the trapezium ABCD intersect
at P. D C

A

Prove that PA x PD = PB x PC

Triangle division

Draw a triangle and within it, draw a line
parallel to one side. \

g Is there any relation between the parts into which the line

divides the other sides?
Draw triangle ABC in GeoGebra and ) ) )
s 7 s 1) @ AL D e What if we draw another line parallel to the bottom side,
through D, parallel to BC and mark through the top vertex?

the point E where it cuts AC. Check
if D and E divide AB and AC in the

same ratio. You can mark the lengths

and see this.
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Parallel Lines

Now three parallel lines cut the left and right sides of the triangle. The ratio of
the parts must be the same. And these parts are those cut by the first line.

So, what do we see here?

In any triangle, a line drawn parallel to a side cuts the other

two sides in the same ratio.

What if the parallel line is drawn through the mid point of a side?

The parts cut on that side are equal; so by the general principle, the parts of
the other side must also be equal. This also is something worth noting.

In any triangle, the line drawn parallel to one side, passing
through the midpoint of another side, meets the third side also

at its midpoint.

Now see this triangle:

We want to draw a line through the midpoint of the left side, parallel to the
bottom side. We have noted that this line passes

through the mid point of the right side also. So,

Jjoining the mid points of the left and right sides,

we get the required line parallel to the bottom

side.

What if we connect the mid points of all three sides?
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What can we say about these four smaller triangles? The sides of the yellow

triangle in the middle are parallel to the sides of the large triangle.

Don’t all four triangles look equal? Let’s check whether it is true. Let’s take
the yellow and blue triangles. The left side of the yellow triangle is the same as
the right side of the blue triangle. The lower angle on this side in the yellow
triangle is equal to the upper angle on this side in the blue triangle. (Why?)

In the same way, the other angles on this side in the two triangles are also
equal. So these two triangles are equal. Similarly, the red triangle and the
green triangle can also be seen to be equal to the yellow triangle. Thus all the
four triangles are equal. We note one thing from this: since the sides of these

triangles are of the same length, each is halfa side of the large triangle.

The length of the line joining the midpoints of two sides of a
triangle is half the length of the third side.

Now suppose we start with a small triangle and draw through each vertex,
the line parallel to the opposite side:
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We get a large triangle, made up of three
more copies of the small triangle.

Here, the line through a vertex of the small
triangle, perpendicular to the opposite side,

is the perpendicular bisector of the large
triangle.

So, what if we draw all three lines from each vertex of the small triangle,
perpendicular to the opposite side? We get the perpendicular bisectors of all

three sides of the large triangle.
<>




R
7T\
I
Parallel Lines

We have seen in the lesson Circles, that all the perpendicular bisectors of the
sides of any triangle passes through a single point.

In any triangle, all the perpendiculars from the vertices to the
opposite sides passes through a single point.

Using the same principle, we can also show that the lines joining the vertices
of a triangle to the midpoint of the opposite sides passes through a single
point. Such a line is called a median of the triangle.

In the picture below, the medians from the two bottom vertices intersect at G.

c

A B

The line joining the midpoints of the left and right side is parallel to the bottom
side and of half'the length of this side. That is

1
ED=EAB

Now there is also a small triangle GAB on the
bottom side. Let’s join the mid points of the

left and right sides of'this triangle also.

1
PO = 4B
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é .
External line

We can show that a line outside a
triangle parallel to one side also
intersects the other two sides in the
same ratio.

See this picture:
/A

B

PQ is parallel to BC.

Draw another line parallel to BC
through A.

Ac _ AB
AP AQ
Also from the picture, we see that

PC  AP+AC Ac
AP a0 T e
OB  AQ+AB AB
a0~ a0 Tt A

From these equations we see that

AP _ AQ

PC ~ OB
c 0 y

/ (1) Inthe picture, the perpendicular is drawn from
the midpoint of the hypotenuse of a right tri-

angle to the base.

Calculate the length of the third side of the large
right triangle and the lengths of all three sides of
the small right triangle.

PO = ED
Since the sides PO and ED of the quadrilateral PODE are

equal and parallel, it is a parallelogram. So, its diagonals

bisect each other. That is,
PG=GD
P is the mid point of AG, so that
AP =PG=GD
Similarly,
BO =0G=GE

Thus the point of intersection of the two medians divide each

other in the ratio 2 : 1.

Now suppose we draw the medians through B and C, instead
of those through 4 and B.

Their point of intersection would divide BE intheratio 2 : 1.

Thus, the point of intersection would be G itself.

In any triangle, all the medians intersect at
a single point; and that point divides each
median in the ratio 2 : 1, measured from

the vertex.

The point of intersection of the medians is called the centroid
of'the triangle.
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Parallel Lines

(2) Draw aright triangle and the perpendicular from
the midpoint of the hypotenuse to the base.

)  Prove that this perpendicular is half'the per-
pendicular side of the large triangle.

i)  Prove thatin the large triangle, the distances
from the midpoint of the hypotenuse to all
the vertices are equal.

i) Prove that the circumcentre of a right triangle is the midpoint of its
hypotenuse.

In the parallelogram ABCD, the
line drawn through a point P on 4B,
parallel to BC, meets AC at Q. The
line through Q, parallel to AB meets
AD atR.

AP _ AR

i) Prove that ﬁ = E

AR
AD

. AP _
i)  Prove that AB =

In the picture below, two vertices of a parallelogram are joined to the
midpoints of two sides.
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Prove that these lines divide the diagonal in the picture into three equal
parts.

Prove that the quadrilateral formed by joining the mid points of a quad-
rilateral is a parallelogram. What if the original quadrilateral is a rect-
angle? What ifiit is a square?
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(6) InAABC, the line through a point P on BC,
parallel to AC meets AB at Q. The line
through Q, parallel to AP, meets BC at R.

BP _ BR
Prove that PC - RP

B

(7) AB and CD are parallel lines in the picture.

Prove that AP x PC = BP x PD

Looking back %

-

With
Learning outcomes teacher's
help

Must
improve

Explaining that parallel lines intersect other
lines in the same ratio.

Dividing a line in a specified ratio using this.
Drawing rectangles by increasing or reducing
the dimensions without altering the ratio of
sides.

Explaining the connections between the parts
into which a line parallel to a side of a triangle
cuts the other sides.

Describing the idea of the centroid of a
triangle.
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Angles and sides

Don’t you know how to draw a triangle
of specified sides? Draw a triangle of
sides 4, 6 and 7 centimetres.

7 cm

Now can you draw this a bit smaller? The longest side need only be half'its
length now; that is 3.5 centimetres. And another thing is that the angles must
be the same. How would you draw it?

Measure all angles. Draw a line 3.5 centimetres long and on each side of it,
draw angles equal to the base angles of the larger triangle.

3.5 cm

Is there any easier way to do it, without measuring the angles? Let’s see if we
can reduce the longest side by half'and draw within the large triangle itself.
If we draw any line through the midpoint of the base, we would get a triangle
with one side 3.5 centimetres and one angle the same as that of the large

triangle.
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3.5 cm 3.5 cm

But in the first picture, the angle on the right in the small triangle is a bit too
large and the angle on top is a bit too small; in the second picture, it is the
other way round. How do we make the angles correct?

How about drawing parallel to the
right side?

Now the angles are okay, right? (How?)

We note another thing here. The line inside the triangle is drawn through the
midpoint of the bottom side and parallel to the right side. So, it bisects the left
side; and its length is half'that of the right side (The section, Triangle division
in the lesson, Parallel Lines ).
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Thus when we drew without changing the angles and only the longest side
halved, the other two sides were also halved.

Is this true for the first triangle drawn by measuring angles?

<>
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3.5 cm 3.5 cm

The small triangle on the left and the triangle on the right have one equal side.
And the way we drew them, the angles on both ends of this line are also the
same. So, the other two sides of these triangles are also equal. (The lesson,
Equal Triangles in the Class 8 textbook).

3.5 cm

This is true, whatever be the lengths of the first triangle
we started with. So, if we halve one side of a triangle

Draw AABC in GeoGebra and mark
all its angles. Make a Slider d with
halved. Min = 0. Use Segment with Given Length
There are some questions at this point: to draw DE of length d times AB.
For this, the length of DE can by given
as dAB. Next draw AABC with
/D= /A and ZE= /B. For this, choose
Angle with Given Size and click on E and

D. In the window, give the size of the
shortest side or the medium one, would this angle as o (the size of ZA). Similarly

without changing angles, the other sides would also be

. Instead of making it half, if we shrink or
stretch by any other number, would this be
true?

Instead of the longest side, if we take the

be true? click on D, E and give the size of angle

We can combine these into one question, by using terms | a3 P size of (the size of ZB) with counter
clockwise selected. Join DE’, ED” and
mark their point of intersection as F.
Mark the sides of both triangles. Are
the ratios the same? Change the angles
sides the same? using sliders and see.

In this, instead of distinguishing the sides as the longest,

of ratios.

In two triangles of the same angles, is the
ratio of the shortest, medium and longest

<>
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medium and shortest, there is another way. The size of the sides depends on
the angles opposite them, right?

largest

largest
So our question can be put this way:

In triangles of the same angles, are all pairs of sides opposite to
equal angles in the same ratio?

To check this, let’s look at two triangles with the same angles:

SN

In these triangles, the left, right and top angles are the same. We have to

check whether the right, left and bottom sides are in the same ratio.

Let’s take the lengths of the sides of the large triangle as a, b, ¢ and those of
the small triangle as p, g, r as shown in the pictures below:

b c
q r
a P

First let’s compare the bottom and left sides. For this, we mark the shorter

lengths along the longer ones:
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)N

p

Now in the small triangles inside and outside the large triangle the bottom and
left sides equal; so is the angle between them. So, their other angles are also
equal (The lesson, Equal Triangles in Class 8). The angles of the outer triangle
are those of the large triangle. Thus the three angles marked in the picture
below are all equal:

p

Since the right side of the large triangle and the line inside make the same
angle with the bottom side, they are parallel. So, the line inside divides the
other two sides in the same ratio: That is,

Simplifying this, we get

And this gives

Similarly, by marking the left and right sides of the outer triangle along the left

and right sides of the large triangle, we get
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Combining the two equations, we write
a b

p q

Cc
r

Since there is nothing special about the sides or angles of the triangles we
have taken, this is true for all such triangles.

In triangles of the same angles, pairs of sides opposite equal

angles are in the same ratio.

This can be put another way: In two triangles of the same angles, whatever
multiple of the shortest side of one is the shortest side of the other, the me-
dium and longest sides are also the same multiples. In general, enlarging or
shrinking a quantity by multiplying by a fixed number is called scaling and the
number is called the scale factor. Thus our result on triangles can be put this
way:

In triangles of the same angles, the sides are scaled by the

same factor.

Let’s look at some problems based on this. See these two triangles:

C

LP=/C ZQ=4A ZR=ZB
How do we calculate the lengths of the other two sides of the small triangle?

<>
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First let’s take the angles as x°, )°, z° and mark equal angles, as given, in the
picture:

Then we write the pairs opposite equal angles:
x BC PR

y AC PQ
z AB  OR

In this, we know the lengths of all sides of the large triangle and the length of
one side of the small triangle:

x BC =4 PR
y AC =6 PQ=3
z AB =8 OR

We see that for the sides opposite the )y angle, the smaller is half the larger. So
the sides opposite the other angles must also be related in the same manner:

x BC =4 PR=2
y  AC PO=3
z  AB OR=14
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Another problem: one bottom corner of a square sheet of paper, of sides 8

centimetres, is folded up to the mid point of the top side.

B L m———— 8 cm

Now we get two right triangles on top. Let’s compute the length of their

sides.

An old shadow math

Haven’t you heard the story of how
the Greek mathematician Thales
determined the distance to a ship at
sea, using the idea of equality of
triangles?

There’s another tale about Thales.
The king of Egypt is supposed to
have asked Thales to compute the
height of a pyramid. Thales’ method
is recorded like this. “Planting his
staff at the end of the shadow of the
pyramid, he showed that in the two
triangles made by sun rays, the ratio
of the shadows is the same as the
ratio of the staff and the pyramid”.

Taking the vertical side of the left triangle as x centimetres,
we can mark the lengths of sides as shown below:

4 cm 4 cm

So, the relations between the sides of this right triangles can
be written using Pythagoras Theorem:

(8 —x)? —x*=4?
Simplifying this, we get
8(8—-2x)=16

from which we get x = 3, so the sides of this triangle are
3, 4 and 5 centimetres.

<>
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To compute the sides of the other triangle, let’s
look at the angles of the triangles. Taking the lower
angle of the left triangle as a°, the other angles can
be written as shown in the picture.

Since the triangles have the same angles, the sides
opposite equal angles must be scaled by the same
factor. The side opposite (90 — a)° angle is
3 centimetres in the triangle on the left and
4 centimetres in the triangle in the right. So the
other perpendicular side and the hypotenuse of

. : 4 .
the triangle on the right must be + times these

sides of the triangle on the left. Thus the lengths of
its sides are as shown in the picture.

Similarity of Triangles

4 cm

Would the ratios of the sides of the two right triangles got by folding a

square piece of paper of any size be 3 : 4 : 57

There is another thing: If we mark the point where the folded side intersects

the right side and open up the sheet, we would get the % length of the right

side.
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The perpendicular from the square corner of

aright triangle cuts the opposite side into two

parts of 2 and 3 centimetres length. 2 cm 3 cm

i)

Prove that the two small right triangles cut by the perpendicular
have the same angles.

Taking the length of the perpendicular as 4, prove that % = % :

Calculate the perpendicular sides of the large triangle.

Prove that if the perpendicular from the square corner of a right
triangle divides the opposite side into parts of lengths @ and b
and if the length of the perpendicular is /4, then 4> = ab.

Attwo ends of a horizontal line, angles of equal size are drawn, and

some points on the slanted lines are joined:

Prove that the parts of the horizontal line and parts of the slanted
line are in the same ratio.

Prove that the two slanted lines at the ends of the horizontal line
are also in the same ratio.

Explain how a line of length 6 centimetres can be divided in the
ratio 3 : 4 using this.
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The midpoint of the bottom side of a square is joined to the ends of the
top side and extended by the same length. The ends of these lines are
joined and perpendiculars are drawn from these points to the bottom
side of the square extended:

1 ]

Prove that the quadrilateral obtained thus is also a square.

Explain how we can draw a square
with two corners on the diameter
and the others on a semicircle, as
shown in the picture.

The picture shows a square drawn sharing one corner with a
right triangle and the other three corners on the sides of this
triangle.

1) Calculate the length of a side of the square.

i)  Whatis the length of a side of the square drawn like this
within a triangle of sides 3,4 and 5 centimetres?

Two poles of heights 3 metres and 2 metres
are erected upright on the ground and ropes

are stretched from the top of each to the foot =
of'the other. -
At what height above the ground do
the ropes cross each other?
Prove that this height would be the same, whatever be the distance
between the poles.

Taking the heights of the poles as a and b and height above the
ground of the point where the ropes cross each other as 4, find
the relation between a, b and 4.

< >
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Sides and angles
We have seen that if two triangles have the same angles, then their sides are

scaled by the same factor. For example, look at these triangles:

They have the same angles. The longest side of the small triangle is g =§ of

the longest side of the large triangle. So, the shortest side of the small triangle
2

is also 3

of'the shortest side of large triangle; the same is true for the medium

sides also.

Now we can ask in reverse: if the sides of a triangle are scaled by the same

factor, would the angles remain the same?
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In the picture above, the sides of the larger triangle are one and a halftimes

the sides of the smaller triangle. Do they have the same angles?

To check this, we draw a third triangle. Its longest side must equal to the
longest side of the large triangle; the angles at its ends have to be equal to the

angles at the ends of the longest side of the small triangle:
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7.5 cm

Since the angles of this new triangle are the same as the angles of the small
triangle, the sides of these two triangles must be scaled by the same factor.
Since it is one and a half for the longest side, it must be the same for other
sides also.

60117

7.5 cm

Thus the sides of this new triangle are equal to the sides of the old large
triangle. So, their angles must also be the same (The lesson, Equal Triangles
in Class 8).
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Thus we find that the angles of the first two triangles are the same. For any
two triangles with sides scaled by the same factor, we can see that the angles

are the same, with the help of an intermediary triangle like this:

br
A A
x° Y
ar ar
. 5 br 20 cr o< 5 br 20 cr
o © o ©
x Y x Y
ar ar

In triangles of sides scaled by the same factor, the angles are

the same.

So to transform a triangle into a smaller or larger one without changing angles,
we need not measure the angles, we need only scale the sides by the same
factor.
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10 cm

Let’s look at a problem based on this. We can easily see that if the sides of
atriangle are scaled by the same factor, then their perimeters are also scaled

by the same factor. (Try it!)
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How are the areas related? To see this, let’s draw two such triangles. By what
we have seen just now, they have the same angles. To compare the areas,
let’s draw perpendiculars from two vertices with the same angles.

o

4

Look only at the right triangles on the left of each. Both have angles x°,
90° and (90 — x)°. So their sides are scaled by the same factor. The hypotenuse
of the blue right triangle is b and that of the green right triangle is br. So if we
take the perpendicular in the blue triangle as /4, the perpendicular in the green
triangle is /r.

Now we can compute the areas of both the whole triangles. The area of the

blue triangle is % ah and the area of the green triangle is % ahr’.

Thus the scale factor of areas is the square of the scale factor of the
sides.
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Draw a triangle of angles the same as
those of the triangle shown here and

sides scaled by % .

Draw a triangle of angles
the same as those of the tri-
angle shown and sides scaled

1
by lz.

Triangle speciality

If the angles of a triangle are equal
to the angles of another, then their Draw a quadrilateral with angles the
sides are in the same ratio. And
conversely, if the sides of two
triangles are in the same ratio, then by 1%.

their angles are equal. Among ) . ) .
polygons, only triangles have this Draw a quadrilateral with angles different

property. from those of this and sides scaled by 1% .

same as those of this one and sides scaled

The third way

If we know one side of a triangle and the angles at its ends, the first part of our
discussion shows how we can scale it without altering its angles. Scale the
known side and draw the same angles at its ends. The other sides would be

scaled by the same factor.
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If what we know are the lengths of the three sides, then the second part of the
discussion shows how it can be scaled. Just scale all sides by the same factor;
the angles would remain the same.

Now suppose that we know are the sides of the
triangle to be scaled and the angle between them.

For example, see the triangle on the right.

. 3
We want to scale it by 1

3

We can draw a triangle of sides 1

of 6 and 4 centimetres and the angle

between them as 30°.

S
> ©
n O
302 30°
6 cm 4.5 cm

But we don’t know whether the third side also is % the third side of the first
triangle.
To check this, we draw an intermediary triangle as before with bottom side

4.5 centimetres, angles on its ends equal to the bottom angles of the large
triangle:

4.5 cm

Since the angles in the new triangle are equal to those of the large triangle, the
sides of these triangles must be scaled by the same factor. The bottom side of
the new triangle is % the bottom side of the large triangle. So, the other sides
also scaled by % . If the length of the unknown side of the large triangle is
taken as y centimetres, the sides of the new triangle can be written as below:

<>
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Now let’s compare the new triangle and the old small triangle. In these, the
two sides and the angle between them are equal. So, the third sides are also
equal.

Thus we see that the third side of the first small triangle is also % the third side
of the large triangle.

We can draw an intermediary triangle like this, whatever be the sides and
angle of the first triangle.
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In triangles of two sides scaled by the same factor and the
angle between them the same, the third sides are also scaled

by the same factor.

Using this, we can scale a triangle without
measuring sides or angles. For example, draw a
triangle like this.

Mark some point inside the tri-
angle and join it to the ends of
the bottom side.

Extend each of these lines by
its halfand join the ends.

Now we have a new triangle and a small one inside it.
The left and right sides of the large triangle are one
and a half times those of the small triangle; and the
angle between these is the same for both triangles. So,
the third side of the large triangle also is one and a half
times the third side of the small triangle.

We can scale triangles in GeoGebra
like this. Draw AABC and mark a
point D inside or outside the triangle.
Draw lines from D to A, B,C using
Ray From a Point. Make a slider g with
Min = 0 and draw circles centred at
D with radii g « AD, g « BD, g « CD
and mark the points where these lines
meet AD, BD, CD as E, F, G. Hide
the circles and draw the triangle.
Move the slider and see what
happens. What do you see when g =
1?, When g = 0.5? g = 2? Change
the position of D and see what you

get.
J
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Join the point inside the triangle and the other two vertices and extend is
m before. What do we get?

9 cm

N
To draw similar triangles in

GeoGebra. We can use Dilate from
Point. Make a slider a with Min = 0. Two triangles of sides scaled by the same factor are called

All sides of the large triangle are one and a half times that of
the original triangle, right?

Draw a triangle and mark a point similar. By the general principles we have seen, for two
inside it or outside it. Choose Dilate | triangles to be similar, they have to be related in one of the
from Point and click on the point ands
triangle. In the new window give a
as Scale Factor. We get a triangle ° Having the same angles.
similar to the first one. Move the e  Havingsides scaled by the same factor .
slider to change a and see what
happens. The position of D may also
be changed. We can draw similar the angles between them equal.
kshapes of any shape like this.

following ways:

. Having two sides scaled by the same factor and

The picture shows two circles with the same centre and two triangles
formed by joining the centre to the points of intersection of the circles
with two radii of the larger circle:
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Prove that these triangles are similar.

<>
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Similarity of Triangles

(2) The lines joining the circumcentre of a triangle to the vertices are ex-
tended to meet another circle with the same centre, and these points
are joined to make another triangle.

~_

)  Prove that the two triangles are similar.

i)  Prove that the scale factor of the sides of the triangle is the scale
factor of the radii of the circles.

A point inside a quadrilateral is joined to its vertices and the lines are
extended by the same scale factor. Their ends are joined to make an-
other quadrilateral.

Prove that the sides of the two quadrilaterals are scaled by the
same factor.

Prove that the angles of the two quadrilaterals are the same.




Mathematics IX

In similar triangles, how are the angle bisectors, medians and

the circumradii related?

Looking back %

-

Learning outcomes

With
teacher's
help

Must
improve

Describing that in triangles of the same angles,
sides are scaled by the same factor.

Scaling a triangle with one side and angles at
its ends known.

Recognising that triangles of sides scaled by

the same factor have the same angles.
Scaling a triangle with three sides known.

Explaining that in triangles of two sides scaled
by the same factor and the angle between
them equal, the third sides are also scaled by
the same factor.

Scaling a triangle without measuring sides or
angles.

Scaling any polygon without measuring sides
orangles.
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